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1 Introduction 

These notes form the next episode in a series of artieles dedieated to a de- 
tailed proof of a eohomologieal index formula for transversally elliptie pseudo- 
differential operators and applications. The complete notes will be published 
as a monograph. The first two chapters are already available as [18] and [19]. 
We tried our best in order that each chapter is relatively self-contained, at the 
expense of repeating definitions. In this episode, we construct the relative equiv- 
ariant Chern character of a morphism of vector bundles, localized by a 1-form A 
and we prove a multiplicativity property of this generalized Chern character. 

Let us first give motivations for the construction of the "localized Chern 
character" of a morphism of vector bundles. Let M be a compact manifold. The 
Atiyah-Singer formula for the index of an elliptic pseudo-differential operator P 
on M with elliptic symbol a on T*Af involves integration over the non compact 
manifold T*M of the Chern character Chc(cr) of a multiplied by the Todd class 
of T*M: 

index(P)= / (2t7r)-<i™^Chc(o-)Todd(T*M). 

Jt*m 

Here a, the symbol of P, is a morphism of vector bundles on T*M invertible 
outside the zero section of T*M and the Chern character Che (cr) is supported 
on a small neighborhood of M embedded in T*M as the zero section. It is 
important that the representative of the Chern character Ch.c{a) is compactly 
supported to perform integration. 

Assume that a compact Lie group K acts on M. Let 6 be the Lie algebra of 
K. If X G J, we denote by VX the infinitesimal vector field generated by X. 

If the elliptic operator P is if-invariant, then index(P) is a smooth function 
on K. The equivariant index of P can be expressed similarly as the integral of 
the equivariant Chern character Che (a) of a multiplied by the equivariant Todd 
class of T*M: for X e 6 small enough, 

index(P)(expX) = / (2i7r)- Chc(a)(X)Todd(T*M)(X). 
Jt^m 

Here Chc(cr)(X) is a compactly supported closed equivariant differential 
form, that is a differential form on T*M depending smoothly of X E t, and 
closed for the equivariant differential D. The result of the integration deter- 
mines a smooth function on a neighborhood of 1 in and similar formulae can 
be given near any point of K. 

The motivation for this article is to extend the construction of the com- 
pactly supported class Chc{a) to the case where P is not necessarily elliptic, 
but still transversally elliptic relatively to the action of K. An equivariant 
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pseudo-difFcrcntial operator P with symbol (7{x,£_) on T*M is called transvcr- 
sally elliptic, if it is elliptic in the directions transversal to JC-orbits. More 
precisely, let T^M be the set of co-vectors that are orthogonal to the ii'-orbits. 
Then (t(x,^), when restricted to T^M, is invcrtiblc when ^ 7^ 0. In this case, 
the operator P has again an index which is a generalized function on K. It is 
thus natural to look for a Chern character with coefficients generalized functions 
as well. Thus wc will construct a closed compactly supported cquivariant form 
Chc{a,co){X) with coefficients generalized functions on 6 associated to such a 
symbol. In the next chapter, we will prove that again 

index(a)(expX) = [ (2i7r)' Chc(c7, w)(X)Todd(T*M)(X). 

As the differential form Che (cr. uj) (X) is compactly supported, tlic^ integration 
can be performed and in this case the result determines a generalized function 
on a neighborhood of 1 in K. Similar formulae can be given near any point of 
K. 

Here w is the Liouville 1-form on T*M which defines a map /a, : T*M — » 6* 
by the formula 

{U{n),X) = {u;{n),VnX) 

and T^M is precisely the set f^^{0). Our construction of the Chern character 
Chc(cr, w) is based on this fact. 

Thus given a X-manifold N and a real invariant one form A on N, we consider 
the map fx : N ^ t* defined by {fx,X) = {X,VX). Define the "critical set" 
C\ by C\ = fx^{0)- In other words, the point n e A'' is in Ca if the co- vector 
A(n) is orthogonal to the vectors tangent to the orbit K ■ n. We will associate to 
any equi variant morphism of vector bundles a on N, invertible outside a closed 
invariant set F, an equivariant (relative) Chern character Chrei(c, A), with C~°°- 
coefficients, with support on the set CxHF. In particular, if this set is compact, 
our equivariant relative Chern character leads to a compactly supported Chern 
character Chc(iT, A) which is supported in a neighborhood of Cx n F. Then 
wc will prove a certain number of functorial properties of the Chern character 
Chrei (cr, A). One of the most important property is its multiplicativity. 

The main ideas of our construction come from two sources: 

• We use the construction basically due to Quillen of the equivariant relative 
Chern character Chrei(cr) already explained in [18], [19]. 

• We use a localization argument on the "critical" set /;^^(0) originated in 
Witten [23] and systematized in Paradan [14, 15]. Indeed, the fundamental 
remark inspired by the "non abelian localization formula of Witten" is that 

1 = 

in equivariant cohomology on the complement of the critical set Cx- 

The idea to use the Liouville one-form w to construct a Chern character 
for symbols of transversally elliptic operators was already present in the pre- 
ceding construction of Berline-Vergne [8] . In this work, a Chern character on 
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T*M was constructed with gaussian look in transverse directions to the K- 
action and oscillatory behavior in parallel directions of the K-action. Thus this 
Chern character was integrable in the generalized sense. Our new construction 

gives directly a (relative) Chern character with compact support equal to the 
intersection of the support of the morphism a with the critical set TJ^ M. 

Let us now explain in more details the content of this article. 

In Section 2, we define the equivariant differential D, the equivariant rela- 
tive cohomologies 7i°° (6, N,N \ F) with C°° coefficients as well as the relative 
cohomology H~°°{i, N, N\F) with C~°° coefficients and the product in relative 
cohomologyo : n-°°it,N, N\Fi)xn°°{t, N, N\F2) n-°°{l, N, N\{FT_nF2)). 

In Section 3, we start by recalling Quillen's construction of the relative Chern 
character that we studied already in [18], [19]. Let us consider a -ftT-equivariant 
morphism cr : f + — > f ~ between two K-vectoT bundles over N: the symbol a 
is invertible outside a (possibly non-compact) subset F C N. Following an idea 
of Quillen [20], we defined the equivariant relative Chern character Ch.,.f,i{a) as 
the class defined by a couple {a,p{a)) of equivariant forms: 

• a := Ch(£+) — Ch{£^) is a closed equivariant form on N. 

• /3(cr) is an equivariant form on N \ F which is constructed with the help 
of the invariant super-connections A'^{t) = V + it{a ®cr*), t gR. Here V 
is an invariant connection on f + ® £~ preserving the grading. 

• we have on N\F, the equality of equivariant forms 
(1) a\N\F = DiPia)). 

In this construction, the equivariant forms X ce{X) and X i-^ P{a){X) 
have a smooth dependance relatively to the parameter X G t. Thus Chrei(a') 
is an element of the relative cohomology group 7i°° (6, N,N\ F). 

In Subsection 3, we deform the relative Chern character of a by using as a 
further tool of deformation an invariant real 1-form A on A''. Using the family 
of invariant super-connections 

A'^'^(f) := V + it{a ® a*) + itX, t G R 

we construct an equivariant form /3(cr, A) on A'' \ (F fl C^) such that 

(2) a\N\(Fnc,)^D{P{a,X)) 

holds on \ (_F n Cx). There are two kinds of difference between (1) and (2). 

• the subset iV \ (F n Cx) contains N\F so Equation (2) which holds on 
N \ {F (1 Cx) is in some sense "stronger" than Equation (1) which holds 
on N\F. 

• the equivariant form X i— > /3(cr, X){X) has a C~°° dependance relatively to 
the parameter X Gt. 
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Wc define the relative Cliern character of cr deformed by the 1-form A as the 
class defined by the couple (a,/3(c7, A)) : we denote it by Chrei(cr, A). It is an 
element of the relative cohomology group 'H~°°{1, N,N\{F (1 C\)). 

One case of interest is when F O C\ is a compact subset of N. Using an 
invariant function x on N, identically equal to 1 in a neighborhood of fl Ca 
and with compact support, the equivariant form 

p(Chrci(cr, A)) := + dxl3{a, A) 

is equivariantly closed, with compact support on TV, and has a C^°^ dependance 
relatively to the parameter X Gt: its equivariant class is denoted Che (a, A). 

An important case of if -equivariant bundle is the trivial bundle represented 
by the trivial symbol [0] : N xC ^ N x {0}. In this case, we denote the relative 
class Chrei([0] , A) by Prei(A). The class Prei(A) is defined by a couple (1,/3(A)) 
where /3(A) is a generalized equivariant form on N\Cx satisfying 

1 = D(/3(A)). 

This equation 1 = on A''\ Ca, together with explicit description of /3(A), is the 
principle explaining Wittcn "non abelian localisation theorem" . 

In Subsection 3 we study the functorial properties of the classes Chj.ei(o', A) 
and Chc(cr, A). We prove in particular that these classes behave nicely under 
the product. When (Ti,(T2 sltc two cqiiivariant symbols on N, we can take 
their product ui C72 which is a symbol on TV such that Supp((7i © (72) = 
Supp(cri) n Supp(cr2). We prove then that 

(3) Chrci (cTi , A) o Chrci ((72 ) = Chrci (cti 0-2 , A) . 

We have then a factorized expression for the class Chrei(cr, A) by taking ai = [0] 
in (3): we have 

(4) Chrel (a. A) = Prcl ( A) O Chrcl (a) . 

The first class Chrei(cr) is supported on Supp(cr) while the second class Prei(A) 
(equivalent to 1) is supported on C\. 

When K IS a, torus, and A the invariant one form associated to a generic 
vector field VX via a metric on TM, the set C\ coincide with the set of 
fixed points for the action of the torus K. Then Prei(A)(X) can be represented 
as a differential form with coefficients boundary values of rational functions of 
X e 6. In this special case, Equation (4) is strongly related to Segal's localization 
theorem on the fixed point set for equivariant K-theory. 

In Subsection 3.6, we study the multiplicativity properties of our Chcrn 
characters when a product of groups acts on N . If A, ji are 1-forms invariant 
by Ki X K2, we define to be the critical set of A with respect to Ki and 

the critical set of /i with respects to K2. Let cr and t be two Ki x K2- 
equivariant morphisms on TV which are invertible respectively on N \ Fi and 
N \ F2. Then the relative Chern character Chjj,[(cr, A) is defined as a class 
in W-°°'°°(«i X t2,N,N\ {Cl n Fi)) while Ch^^i{T,n) is defined as a class in 
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n°°'-°°{ti X i2,N,N\ {Cf, n F2)). As suggested by the notation, an element 
in n-°°'°°{ti xt2,N,N\F) can be represented as a couple {a{X,Y), P{X,Y)) 
of differential forms with smooth dependence in Y, and a generalized function 
in X. Then we can multiply the classes ChJj,]((T, A) and Ch^j,j(r, //,). One main 
theorem, which will be crucial for the functoriality properties of the equivariant 
index, is Theorem 3.32 

Chi^i(o-, A) o Ch2^i(T, /i) = Chrci(cr r, A + 

In Section 4, we consider the case where the if-manifold N is the cotangent 
bundle T*M of a ii'-manifold M. Let T^M be the set of co- vectors that are 
orthogonal to the i^T-orbits. If a is invertibk; outside a closed invariant set 
F C T*M, (7 is a transversally elliptic morphism if fl T^M is compact. We 
work here with the Liouville one form w on T*M. It is easy to see that the set 
Clj coincides with T^M. So, for a transversally elliptic morphism a we define 
its Chern class with compact support as the class Chc(cr, w). 

We finally compare our construction with the Berline-Vergne construction. 

2 Equivariant cohomologies with C~°° coefficients 

Let A'' be a manifold, and let A{N) be the algebra of differential forms on N. 
We denote by Ac{N) the subalgebra of compactly supported differential forms. 
We will consider on A{N) and Ac{N) the Z2-grading in even or odd differential 
forms. 

Let bo a compact Lie group with Lie algebra t. We suppose that the man- 
ifold N is provided with an action of K. We denote X VX the corresponding 
morphism from I into the Lie algebra of vectors fields on N: for n & N , 

VnX := ^ exp(-eX) • n|e=o- 

Let A°°{t,N) be the Z2-graded algebra of equivariant smooth functions 

a : i ^ A{N). Its Z2-grading is the grading induced by the exterior degree. 
Let D = d — i{VX) be the equivariant differential: {Da){X) = d{a{X)) — 
b{yX)a{X). Here the operator i{VX) is the contraction of a differential form 
by the vector field VX . Let 7i°°(t, N) := KerD /ImD be the equivariant coho- 
mology algebra with C°°-coefficients. It is a module over the algebra C°^{i)^ 
of /f-invariant C°°-functions on t. 

The sub-algebra A^it, N) C N) of equivariant differential forms with 

compact support is defined as follows : a G A"^ (8, N) if there exists a compact 
subset JCa C A'' such that the differential form a{X) e A{N) is supported on /Cq 
for any X G t. We denote H'^ (6, N) the corresponding algebra of cohomology: 
it is a Z2-graded algebra. 

Kumar and Vergne [12] have defined generalized equivariant cohomology 
spaces obtained by considering equivariant differential forms with C~°° coeffi- 
cients. Let us recall the definition. 
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Let A^°°{t, N) be the space of generalized cquivariant differential forms. An 
element a € A~°°{t, N) is, by definition, a C~°°-equivariant map a : 6 ^ A{N). 
The value taken by a on a smooth compactly supported density Q{X)dX on t 
is denoted by J^o{X)Q{X)dX e A{N). We have A°^{tN) C A-°°{t,N) and 
we can extend the differential D to A-°^{t,N) [12]. We denote by n-°°{t,N) 
the corresponding cohomology space. Note that A~°°{t,N) is a module over 
A°°{t, N) under the wedge product, hence the cohomology space N) is 

a module over (6, N) . 

The sub-space A~'^{t,N) c A~°°{t,N) of generalized equivariant differen- 
tial forms with compact support is defined as follows : a. G A~°°it, N) if there 
exits a compact subset ICa C N such that the differential form /j a{X)Q{X)dX £ 
A{N) is supported on for any compactly supported density Q{X)dX. We 
denote T-C^°°{t. N) the corresponding space of cohomology. The Z2-grading on 
A{N) induces a Z2-grading on the cohomology spaces H~°°{t, N) and H~°°{t, N) 

Let us stress here that a generalized equivariant form a{X, n, dn) on N is 
smooth with respect to the variable n G N. Thus we can restrict general- 
ized forms to JC-equivariant submanifolds of N. However, in general, if G is 
a subgroup of ii', a ii'-equivariant generalized form on N do not restrict to a 
G-equivariant generalized form. 

More generally, ii g : M N is a iC-equivariant map from the iiT-manifold 
M to the Jf-manifold N, then we obtain a map g* : A-°°{i, N) A-°°{t, M), 
which induces a map g* in cohomology. When U is an open invariant subset of 
N, we denote by a ^ a\u the restriction of a G A^°°{t, N) to U. 

There is a natural map H°°{t, N) — > H~°°{t, N). This map is not injective 
in general. Let us give a simple example. Let U{1) acting on A'' = \ {0} by 
rotations. Let 6 ~ M be the Lie algebra of U{1). The vector X G t produces 
the infinitesimal vector field VX = X{ydx — xdy) on R^. Denote by any 
generahzed function of X e 6 such that X(^) = 1. Let A = ■ Then 



Thus the imago of 1 is exact in n-°°{t, N), so that the image of W°°(e, N) is 
inn-°°{t,N). 

2.1 Examples of generalized equivEiriant forms 

In this article, equivariant forms with generalized coefficients appear in the 
following situation. Let t i— > r]t{X) be a smooth map from M into A°°{t,N). 
For any t>0, the integral 



defines an element of A°°{t,N). One may ask if the "limit" of (^ti^) when t 
goes to infinity exists. 



D{-\) = {d-i{VX)){-X) = l. 
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Let Xi, . . . , XdimK be a base of t. For any := [vi, . . . , VdimK) "= N'^™''^, 
we denote the differential operator (gx") of degree := J^i ^i- 

Definition 2.1 For a compact subset Koft and r € N, we denote \\ — ^ic,r the 
semi-norm onC°°{t) defined by ||(5||K;,r = ^^Vxeic,\v\<r • 

We make the following assumption on rit{X). For every compact subset 
IC X K,' C tx N and for any integer r e N, there exists est > and r' G N such 
that the following estimate 

(5) ||^^^(x)g(X)dx||(n)<cst|^fe, riG/C', t>0, 

holds for every fimction Q G C°°{i) supported in JC. Here the norm || — || on the 
differential forms on TV is defined via the choice of a Riemannian metric on N. 

Under estimates (5), we can define the equivariant form /3 G A~°°{^,N) as 
the limit of the equivariant forms Pt G A°° (I, N) when t goes to infinity. More 
precisely, for every Q G C^(t), we have 

(6) j^(3{X)Q{X)dX := ^ y^r]t{X)Q{X)dX^ dt. 

In fact, in order to insure that the right hand side of (6) defines a smooth 
form on N, we need the following strongest version of the estimate (5) : we have 

(7) joid) ■ J^vt{X)Q{X)dx\\{n) <cst^^^^, n G /C', t>0, 

for any differential operator D{d) acting on A{N). Under (7), the generalized 
equivariant form (3{X) := r}t{X)dt satisfies 



D{(3){X) := / D{7jt){X)dt. 
Jo 

Let us consider the following basic case which appears in [14, 15]. Let / : 
A'^ ^ 6* be an equivariant map, and let ■yt{X) be an equivariant form on N 
which depends polynomially on both variables t and X. We consider the family 

:=7t(X) e**<^'^>, i G R. 

Then, for any Q G C^ii), we have 



J^jtiX) e* * Q{X)dX := ^{t /) 



where ^ is the Fourier transform. Since the Fourier transform of a compactly 
supported function is rapidly decreasing, one sees that the estimates (5) and (7) 
holds in this case on the open subset {/ 7^ 0} : the integral 

POO 

/ jt{X)e''<f'''Ut 
Jo 

defines an equivariant form with generalized coefficients on {f ^ 0} c N. 
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2.2 Relative equivEiriant cohomology : the C °° case 

Let F be a closed i^-invariant subset of A''. We have a restriction operation r : 
a H^- a|jv\F from A~°°(t, N) into A~°°(t, N\F). To an equivariant cohomology 
class on A'' vanishing on N\F, we associate a relative equivariant cohomology 
class. Let us explain the construction : see [10, 18] for the non-equivariant case, 
and [19] for the equivariant case with C°° coefficients. Consider the complex 



and differential D,ei {a, (3) = {Da, a\N\F - D[i) . Let (6, N,N\F) be the 
sub-complex of A~°°{t, N,N\F) formed by couples of equivariant forms with 
smooth coefficients : this sub-complex is stable under D. 

Definition 2.2 The cohomology of the complexes {A~'^{t, N, N\F), D^ei) o-nd 
{A°°{t,N,N \ F),Droi) are the relative equivariant cohomology spaces 
N,N\F) and n°°{t, N,N\F). 

The class defined by a ZPrei-closed element (a,/?) e A~°°{t,N,N \ F) will 
be denoted [a, (3]. 

The complex A-°°{t,N,N \ F) is Z2-graded : for e e Z2, we take 

[A-°°{l,N,N\F)X = [A-°°{l,N)]^ ® [^-°°(e,A/-\i^)]'+\ Since Aci sends 
[A-°°{t, N,N\ F)Y into [^-°°(«, N,N\ F)Y^\ the Za-grading descends to the 
relative cohomology spaces H~°°{t, N,N\ F). 

We review the basic facts concerning the relative cohomology groups. We 
consider now the following maps. 

• The projection j : A-°°{t,N,N\ F) A-°°{t,N) is the degree map 
defined by j{a,P) = a. 

• The inclusion i : A-°°{i, N\F) ^ .4"°° (6, N,N\ F ) is the degree -|-1 

map defined by i{(3) = (0,/3). 

• The restriction r : A~°°{t,N) A~°°{i,N\ F) is the degree map 
defined by r{a) = a|jv\ f- 

It is easy to see that i,j,r induce maps in cohomology that we still denote 
by i,j,r. 

Lemma 2.3 • We have an exact triangle 



A-°°{t,N,N\F) with 



A-°°{t N,N\F) A-°^'{t, N) ® A-°°{i, N\F) 



n-°°{t,N,N\ F ) 





n-°°{t,N\F) 



r 
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• If F C F' are closed K-invariant subsets of N, the restriction map 

(a, /?) 1-^ {o-, P\n\F') induces a map 

(8) rF',F ■ N,N\F)^ n-°°{l, N,N\ F'). 

• The inclusion A°°{t,N,N \ F) ^ A-°°{i,N,N \ F) induces a map 
n'^{t,N,N\F) ~*n-'^{t,N,N\F). 

2.3 Product in relative equivariant cohomology 

Let Fi and F2 be two closed ii'-invariant subsets of N. In [19], we have define 

a product o : n°°{t, N,N\ Fi) x N,N\ F2) n°°{t, N,N\ (Fi n F2)). 

Let us check that this product is still defined when one equivariant form has 
generalized coefficients. 

Let Ui:= N\Fi,U2:= N\ F2 so that U ■.= N\{Fin F2) = UiU U2. Let 
$ := ($1, $2) be a partition of unity subordinate to the covering Ui U U2 of U. 
By averaging by JC, we may suppose that the functions $fc are invariant. 

Since $fc € C°°{U)^ is supported in Uk, the product 7 1— > defines 
maps A°°{t,Uk) A°°{t,U) and A-°°{t,Uk) A-°°{t,U). Since d<^i = 
—d^2 € A{U)^ is supported in Ui fl U2, the product 7 1— > A7 defines a map 
A'°°{t Ui n U2) A-°°{t, U). 

With the help of we define a bilinear map 0$ : A~°°{t,N,N \ Fi) x 
A°°{i, N,N\ F2) A-°°{1, N,N\ (Fl n F2)) as follows. 

Definition 2.4 For an equivariant form ai := (ai,/3i) G A~°°{t,N,N \ Fi) 
with generalized coefficients and an equivariant form 02 := (0:25 P2) € .4°° (6, N, N\ 
F2) with smooth coefficients, we define 

a\ 02 := (q!i a a2, /?(ai, 02)) with 

/3(ai, 02) = $i/3i A as + (-l)!"^!^! A $2/^2 - (-l)l"^lrf$i A /Ji A /32. 

Remark that <i?i/3i A a2, ai A $2/32 and A /3i A /32 are well defined 
equivariant forms with generalized coefficients on f/i U Z72- So a 1 0$ 02 G 
A^, TV \ (Fl n F2)). Note also that oi 04, a2 e A'^{i, N,N\ (Fi n F2)), if 
ai,/3i have smooth coefficients. 

A small computation shows that DreKai 02) is equal to (DreiOi) o* 012 + 
(— l)l"^lai 0$ (F>rei<i2)- Thus 0$ defines bilinear maps 

(9) n-°°{t,N,N\Fi) X H°°(e,iV,Ar\F2) -^H-°°(e,iV,Ar\ (Fl nFa)), 
and 

(10) H°°{t,N,N\Fi) X W°°(e,7V,iV\F2) ^ W°°(«,7V,Ar\(FinF2)). 

Let us sec that this product do not depend of the choice of the partition of 
unity. If we have another partition $' = ($i , $2), then $1 - ^[ = -($2 - $2)- 
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It is immediate to verify that, if DroKoi) = and Drei(a2) = 0, one has ai 
02 - ai aa = Drei (O, - $i)/3i A /Js). 

So the products (9) and (10) will be denoted by o. 

Lemma 2.5 • The relative product is compatible with restrictions: if Fi c F{ 

and F2 C F2 are closed invariant subsets of N, then the diagram 

(11) 



n-°°{i, N,N\Fi) 



n-°°{t,N,N\{FinF2)) 



n-°°{t,N,N\Fi) X H°°{t,N,N\F^)-^ n-°°{t,N,N\{FinF^)) 

is commutative. Here the are the restrictions ma,ps defined in (8). 

• The relative product is associative. More precisely, let Fi,F2,F^ be three 
closed invariant subsets of N and take F = Fi (1 F2 (1 F3. For any relative 
classes ai € n-°°{t, N,N\ Fi) and € N,N\ Fi) for i = 2,3, we have 

(0,1 o 0,2) o 0.3 = ai o (aa o 03) in H~°°{i, N,N\ F). 

Proof. The proof is identical to the one done in Section 3.3 of [19]. 



2.4 Inverse limit of equivairiant cohomology with support 

Let U be an invariant open subset of N. 

Definition 2.6 A generalized equivariant form a on N belongs to A^°°{^,N) 

if there exists a closed invariant subset Ca G U such that the differential form 
/j a{X)Q{X)dX is supported inCa, for any compactly supported density Q{X)dX 
on 6. 

Note that the vector space A'[j°°{t, N) is naturally a module over A°°{t, N). 
An element of N) will be called an equivariant form with support in U. 

Let TV) be the intersection of A^'^it, N) with yl°°(e, N) : a G A'ff{t, N) 

if there exist a closed set Ca C U such that a(X)|„ = for all X e t and all 
n e t/\C„. 

The spaces A)jit,N) and ^^°°(t,7V) are stable under the differential D, 
and we denote H^(6, N) and N) the corresponding cohomology spaces: 

both are modules over 7i°° (f , N) . 

Let U, V be two invariants open subsets of N. The wedge product gives a 
natural bilinear map 

(12) w-°°(e, N) X w~(«, N) ^ n^^yit, N) 

of n°°{t, 7V)-modules. 

Let be a closed isT-invariant subset of N. We consider the set of 
all open invariant neighborhoods U of F which is ordered by the relation 
U < V a and only if V C U. li U < V, we have then the inclusion maps 
A^{t,N) ^ A^{t,N) and Ay'=^{t,N) ^ Au°°{t,N) which gives rise to the 
maps n^{t, N) Wffit, N) and W^°°(e, N) Wy°°(e, N) both denoted fu,v- 
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Definition 2.7 • We denote by H'p{t,N) the inverse limit of the inverse sys- 
tem (Hg?(e, N), fu,v; u,v G J'f)- 

• We denote by Hp°°{t,N) be the inverse limit of the inverse system 
{n^^{t,N),fu,v;U,VeJ^F). 

We will call T-lp{t,N) and 'Hp°°{t,N) the cquivariant cohomology of N 
supported on F (with smooth or generalized coefficients) : both are module 
over n°°{t,N). 

Let us give the following basic properties of the equivariant cohomology 
spaces with support. 

Lemma 2.8 • Hp^^it.N) = {0} ifF = %. 

• There is a natural map N) np°°{t, N). 

• There is a natural map Hp°°{t,N) H~°°{t,N). If F is compact, this 
map factors through np°°{t, N) n-'^{t, N). 

• If F c F' are closed K -invariant subsets, there is a restriction morphism 

(13) r^'"^ : Hp'^it, N) ^ W^?°(6, N). 

• If Fi and F2 are two closed K -invariant subsets of N, the wedge product 
of forms defines a natural product 

(14) np^it,N) X w^,(e,7V) ^ np^p^{t,N). 

• If Fi c F[ and F2 C F2 are closed K -invariant subsets, then the diagram 

(15) np^{t,N) X nf^{t,N)^^ np^^pjt,N) 

..1 ..2 „12 

r r r 

n-pr{i,N) X w~,(e,7V)^^ n-pr^p.{i,N) 

is commutative. Here the are the restriction morphisms defined in (13). 

Proof. The proof of these properties are left to the reader. Note that the 
product (14) follows from (12). 

2.5 Morphism : U^^ {i,N,N\F)^ Up"^ (6, N) 

Now we define a natural map from W-~(e, N,N\F) into Hp'^ ii, N). 

Let f3 e A^^{i,N \ F). If X is a i^T-invariant function on TV which is 
identically 1 on a neighborhood of F, note that dxP defines an equivariant form 
on N, since dx is equal to in a neighborhood of F. 

Proposition 2.9 For any open invariant neighborhood U of F, we choose x G 
C°°{N)^ with support in U and equal to 1 in a neighborhood of F. 
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• The map 

(16) p^{a,p)=xa + dxP 

defines a homomorphism of complexes : A^°°{t, N,N\F) — » A^°°{t, N). 

In consequence, let a € A~°°{t,N) be a closed equivariant form and (3 e 
A~°°{l.N \ F) such that a\j^\p = D(3, then p^(a,/3) is a closed equivariant 
form supported in U . 

• The cohomology class ofp^{a,/3) in'H'[j°°{t,N) does not depend of x- We 
denote this class by p^{a,/3) G n'^°°{t,N). 

• For any neighborhoods V CU of F, we have fu_v ° Pv = Py- 

Proof. The proof is similar to the proof of Proposition 2.3 in [18]. We repeat 
the main arguments. The equation p'^ o Drei = D o pX- is immediate to check. 

In particular pX{a,(3) is closed, if Drc\ (a,/?) = 0. For two different choices x 
and x', we have pX{a,[3) — p^ (a,/3) = D ((x — x')P)- Since x — x' = in a 
neighborhood of F, the equivariant form (x — x')/^ is well defined on A'' and with 
support in U . This proves the second point. Finally, the last point is immediate, 
since pjj {a, 13) = Py(a,/3) = p^(a,/3) for x G C°°(iV)^ with support inV dU. 

Definition 2.10 Let a G A'^°^{l,N) be a closed equivariant form and 
13 e A-°°{t,N\F) such that a\N\F = -D/3. We denote bypp{a,l3) G 'Hp°°{l,N) 
the element defined by the sequence Pu{a,(3) G H'j}°°{t, N), U G J^f- We have 
then a morphism 

(17) pp:n-'^{t,N,N\F)-^np°°{t,N). 

We will say that the element Pij{a,f3) G 'H'^°°{l,N) is the {/-component of 
PF{a,(3). 

In [19], we made the same construction for the equivariant forms with smooth 
coefficients: for any closed invariant subset F we have a morphism 

(18) pp : H°° (t, N,N\F) (6, N) . 

The following proposition summarizes the funetorial properties of p. 

Proposition 2.11 • If F c F' are closed invariant subsets of N, then the 
diagram 

(19) H-°°{t,N,N\F) — '^^Hp°°{t,N) 

ri 

n-°°{t,N,N\F')-^^ np?°{t,N) 
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is commutative. Here ri and are the restriction morphisms (see (8) and 
(13)). 

• If Fi,F2 are closed invariant subsets of N, then the diagram 
(20) 

H-°°{t,N,N\Fi) X n°°{t,N,N\F2) H-°°{t,N,N\{Fin F2)) 



Pf, 



Pf, 



PfioFj 

n^^{t,N) X nf^it,N) ^ — ^ n^^^^{t,N) 

is commutative. 

Proof. The proof is entirely similar to the proof of Proposition 3.16 in [19] 
where one considers the case of smooth coefficients. 

If we take F' = N in (19), we see that the map pp : H-°°{i, N,N\F) ^ 
np°°{t, N) factors the natural map n-°°{t, N,N\F)^ n-°°{t, N). 

If F is compact, we can choose a function x with compact support and 
identically equal to 1 in a neighborhood of F. 

Definition 2.12 Let F be a compact K -invariant subset of N . Choose x G 
C°°{N)^ with compact support and equal to 1 in a neighborhood of F. Let 
a e A~°°{t, N) be a closed equivariant form and /3 G A~°°{t, N\F) such that 
ct\N\F = Df3. We denote by p^(q:,/3) G H~°°{i, N) the class of p^{a,(3) = 
Xa + dxP in Tl~°°{t, N). We have then a morphism 

(21) p,:n-°^{t,N,N\F)^n-"°{t,N). 



3 The relative Chern character: the C °° case 

Let A'' be a manifold equipped with an action of a compact Lie group K. Let 
£ = (B £~ be an equivariant Z2-graded complex vector bundle on A''. We 
recall the construction of the equivariant Chern character of £^ that uses Quillen's 
notion of super-connection (see [6]). 

We denote by A{N, End(f )) the algebra of End(£)-valued differential forms 
on N. Taking in account the Z2-grading of End{£), the algebra A{N, End{£)) 
is a Z2-graded algebra. The super-trace on End{£) extends to a map Str : 
^(A^,End(£:)) ^ AiN). 

Let A be a if- invariant super-connection on £, and F = its curvature, 
an element of ^(A'', End(£^))+. Recall that, for X £ t, the moment of A is the 
equivariant map fi^ : t — > A{N,Eiid{£))^ defined by the relation /x*(X) = 
C{X) — [i{VX),A]. We define the equivariant curvature of A by 

(22) F{X) =A^+ fi^{X), Xet 

We usually denote simply by F the equivariant curvature, keeping in mind 
that in the equivariant case, F is a function from t to A{N, End(f ))"•". 
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Definition 3.1 The equivariant Chern character of (5, A) is the equivariant 
differential form on N defined by Ch{A) = Str(c^) (e.g. Ch(A)(X) = Str(e^(^))) 

The form Ch(A) is equivariantly closed. We will use the following transgression 

formulas (sec [6], chapter 7, [18]). 

Proposition 3.2 • Let At, fort gR, be a one-parameter family of K -invariant 
super- connections on £, and let J^Aj e A{N,'&nd{£))~ . Let be the equivari- 
ant curvature of At. Then one has 



• Let A(s, t) be a two-parameter family of K -invariant super- connections. 
Here s,t £R. We denote by F{s,t) the equivariant curvature of A{s,t). Then: 



In particular, the cohomology class defined by Ch(A) in TC°°{t,N) is inde- 
pendent of the choice of the invariant super-connection A on £. By definition, 
this is the equivariant Chern character Ch{£) of £. By choosing A = V+ ® 
where are connections on £^, this class is just Ch(£^+) — Ch{£^). However, 
different choices of A define very different looking representatives of Ch{£). 

3.1 The relative Chern character of a morphism 

Let £ = £~^ (B£~ be an equivariant Z2-graded complex vector bundle on N and 
a : £~^ —^£~hea. smooth morphism which commutes with the action of K. At 
each point n & N, a{n) : £^ £~ is a linear map. The support of a is the 
/C-invariant closed subset 



Let us recall the construction carried in [19] of the relative cohomology 
class Chrei(tT) in H°°{t, N, N \ Supp((j)). The definition will involve several 
choices. We choose invariant Hermitianstructures on £^ and an invariant super- 
connection A on f without exterior degree term. 

Introduce the odd Hermitian endomorphism of £ defined by 



(23) 





Supp((j) = {n G N \ a(n) is not invcrtible}. 



(24) 





£ which is positive definite on N\ Supp(a). 
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Consider the family of invariant super-connections A'^{t) = A + itVa, f S M 
on £. The equivariant curvature of A'^(t) is thus the map 

(25) F{a,A,t){X) = -t'^vl + it[A,v„] + A"" + fj,\X). 

Consider the equivariant closed form Ch{a,A,t){X) := Str (e^(<"'*'*K^)) 
with the transgression form 

(26) T){a, A, t){X) := - Str {iv^ Qn'TA,t)(x)^^ 

In [19], we prove the following basic fact. 

Proposition 3.3 The differential forms Ch{a, A, t){X) and r]{a,A,t){X) (and 
all their partial derivatives) tends to exponentially fast when t — > oo uniformly 
on compact subsets of {N \ Supp(cr)) x t. 

As iva = ^A'^(t), we have ^Ch{a,A,t) = -D{r]{a,A,t)). After integra- 
tion, it gives the following equality of equivariant differential forms on N 

(27) Ch(A) - Ch(c7, A,t) = D (^j^ r]{a, A, s)ds^ , 

since Ch(A) = Ch((T, A,0). Proposition 3.3 allows us to take the limit f — > oo 
in (27) on the open subset Supp((T). We get the following important lemma 
(see [20, 18] for the non-equivariant case). 

Lemma 3.4 We can define on N \ Supp{a) the equivariant differential form 

with smooth coefficients 

POO 

(28) l3{a,A){X)= r]{a,A,t){X)dt, Xet 

Jo 

We have Ch(A)|^\Supp(a) = D{l3{a,A)). 

We are in the situation of Subsection 2.2. The closed equivariant form 
Ch(A) on A'' and the equivariant form (3{<t,A) on N \ Supp(ct) define an even 
relative cohomology class [Ch(A),/3(a, A)] in n°°{t,N,N\ Supp(cr)). We have 
the following 

Proposition 3.5 ([19]) • The class [Ch(A),/3(CT, A)] e n°°{t, N, N \Suppia)) 
does not depend of the choice of A, nor on the invariant Hermitian structure on 
£. We denote it by Chrei(o'). 

• Let F be an invariant closed subset of N. For s € [0, 1], let as : ^ £~ 

be a family of equivariant smooth morphisms such that Supp(crs) C F. Then all 
classes Chi.ei(c7s) coincide in H°°(6, N,N\F). 
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3.2 The relative Chern chciracter deformed by a one-form 



If wc allow cquivariant coliomology with C~°° cocfScicnts, wc can restrict fur- 
ther the support of the equivariant Chern character of a bundle by modifying 
the term of exterior degree 1 of the super-connection. We use an idea originally 
due to Wittcn [23] and systematized in Paradan [14, 15], see also [22]. The idea 
is to use as further tool of deformation a JsT-invariant real- valued one-form A 
on N, or equivalently a ii'-invariant vector field on N. This tool was also used 
earlier in K-thcory by Atiyah-Segal and Atiyah-Singer for deforming the zero 
section of T*M (sec [2, 1]). 

We will need some definitions. Let be a if-manifold. Let X he a. K- 
invariant real-valued one-form on A''. At each point n G N, A(n) e T* A'. 

Definition 3.6 The one-form A defines an equivariant map 

(29) fx:N^r 

by {fx{n),X) = {X{n),VnX). 

Definition 3.7 • We define the invariant closed subset of N: 

Cx = {fx = 0}. 

• For any K-equivariant smooth morphism a : £^ £~ on N, we define 
the invariant closed subset 

In Section 3.1, we have associated to a ii'-equivariant smooth morphism 

a : £+ ^ £- the relative class Chrci(cr) e n°°{t,N,N\ Supp(ct)). Here we 
consider the cohomology space Tl~°°{t, N,N\ Cx,a)- We have the diagram 

H-'^{t,N,N\Cx,a) 




n°°it, N, N \ Supp(a)) ^ (e, N, N \ Supp(a)). 

where r is the restriction morphism, and e is the morphism of extension of 
coefficients. 

The goal of this section is to construct a class Chroi (c, A) € 
n-°°{t, N,N\ Cx,cr) which is equal to Chrei(cT) in n-°°{t, N,N\ Supp(cr)). 

We choose A'-invariant Hermitian structures on £^ and a A'-invariant super- 
connection A on £ without exterior degree term. Now wc will modify A by 
introducing a exterior degree term and we will also modify its term of 
exterior degree 1. 
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Introduce the odd Hermitian endomorphism of £ defined by 



A (T* 

a A 



) 



Aldf + Va- 



To simplify notations, wc may write A instead of Ald^. We consider the 
family of invariant super-connections 

A'^'^(t) =A + if (A + teR. 

The cquivariant curvature of A'^'^{t) is F((t, A, A, t) = F((t, A, t) + itDX, where 
F(c7, A,t) is the cquivariant curvature of A°'{t). More explicitly, 

F((7, A, A, t){X) = -t^vl - it{fx, X) + n^{X) + it[A, v^] + A^ + itdX. 

In particular, the term of exterior degree of F(ct, A, A, is the section 

of End(f) given by —t^v"^ — it{fx,X) + /x^j(X). We are interested by the 
equivariant differential form 



Then Ch(a-, A, A, t) = e**^'^ Ch{a, A, t) and the transgression forms are: 



Wc repeat the argument of Section 3.1. The relation ^ Ch(cr, A, A, t) = 
—D{r]{a,X,A,t)) gives after integration the following equality of equivariant 
differential forms on N 



Now, we will show that we can take the limit of (30) when t goes to oo on 
the open subset N \ C\^a. 

In the following proposition, h'^{n) > denotes the smallest eigenvalue of 
v'^{n). We choose a metric on the tangent bundle to N. Thus we obtain a norm 
II — II on AT* A'' End(£„) which varies smoothly with n G N. 

Proposition 3.8 Let fCi x IC2 be a compact subset of N x t. Let r be any 
positive integer. There exists a constant est (depending o//Ci,/C2, and r) such 
that for any smooth function Q on t supported in IC2 we have 





(30) 




(31) II ^e' 



,F(a,A,A,t)(X) Q^X)dX (n) < est 



(l + i)dimAr 



- ||Q|k2,2r e- 



(l + ||i/,(n)|P) 



for allt>0 and n e /Ci . 
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Proof. Wc use the first estimate of Proposition 5.6 of the Appendix to 

estimate the integral 

j^Q-it(fx,X) ^-t'R(n)+S{n,X)+T{t,n) Q(^X)dX 

with R{n) = vl{n), S{n,X) = T{t,n) = it[A,Va]{n) + itdX{n) + 

h?{n). We obtain the estimate (31) on 1C\. 

The estimate (31) on the open subset 

N\Cx,a = {n&N\ K{n) > or ||/;,(n)|| > 0}. 
gives the foUowing 

Corollary 3.9 • For a function Q G C°°(fi) with compact support, the element 
ofA{N,Eiid{£))+ defined bylgit) := J^c^i'^^^AMx) Q(^x)dX tends rapidly to 

when t oo, when restricted to the open subset N \ C\^„. 

• The integral Jq° lQ{t)dt defines a smooth form on N \ Ca,<t with values in 
End{£). 

• The equivariant Chern form Ch{a, A, A, t), when restricted to N\ C\^„, tends 
to ast goes to oo in the space A~°°{1, N \ C\^„). 

• The family of sm,ooth equivariant forms, '■— r]{a, X, A,t)dt, when re- 
stricted to N\ Cx^cr, admits a limit in A~°°{t, N \ C\^„) as T goes to infinity. 

Proof. We consider the estimates (31) when the compact subset JCi is 
included in \ Ca,<t. We can choose c > such that either ha{n) > c or 
||/A(n)P > c, for n e /Ci. Then (31) gives for t > and n e /Ci : 



(32) II lQ{t)\\{n) < cst||Q|k,.2.(l + t)'^"°^sup ( ^^ +k)- '^"^*^ 



Since r can be chosen large enough, (32) proves the first point: the integral 

TQ{t)dt converge on A \ Ca.o-- We have to check that it defines a sm,ooth 
form with values in End(£). If D{dn) is any differential operator acting on 
A{N, End(£')), we have to show that, outside C\^ai the element of A{N, End(f )) 
defined by Jf^(f) := j^D{dn) ■ c^(''^^^^^t)ix) Q(x)dX tends rapidly to when 
t — » 00. This fact follows from the estimate (83) of Proposition 5.6. Then 

lQ{t)dt is smooth and we have D{dn) ■ lQ{t)dt = J^lQ{t). 

Since we have the relations J^C\i{a,\, K,t){X)Q{X)dX = Str(jQ(<)) and 

j^iT{X)Q{X)dX = -iStr {^{va + \) XQ{t)dty the last points follow from 
the first one. 



Remark 3.10 The estimate (31) still holds when Q is a smooth map from t 
intoA{N) (or A{N,Endi£))). See Remark 5.7. 
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Wc can then define on N \ C\^a the equivariant differential odd form with 
C~°° coefficients 

POO 

(33) /3(£7, A, A) = / ?7((7, A, A, t)dt. 

Jo 

If we take the hmit of (30) when t goes to oo on the open subset N \ Ca,<t, we 
get 

(34) Ch{A)\^\c,,^=D{P{a,X,A)) in ^-°°(e, iV \ C^,.). 
Theorem 3.11 • The class 

[Ch(A), /3(a, A, A)] e W""" («, N, N \ Cx,a) 

does not depend of the choice of A, nor on the invariant Hermitian structure on 
£. We denote it by Chrei(o', A). 

• Let F be a closed K -invariant subset of N. For s e [0, 1], let CTs : f + — » £~ 
be a family of smooth K -equivariant morphisms and Xg a family of K -invariant 
one-forms such that C\^^„^ C F. Then all classes Chrei(a's, Ag) coincide in 
n-°°{t,N,N\F). 

Proof. Let us prove the first point. Let Ag.s E [0,1], be a smooth 
one-parameter family of invariant super-connections on £ without exterior 
degree terms. Let A{s,t) = Ag + it{va + A). Thus ^A(s,i) = ^A^ and 
■^A[s,t) = i{va- + A). Let F[s,t) be the equivariant curvature of A{s,t). We 
have 

(35) ^ Ch(Ag) = £)(7g), with 7, = Str ((^A,) e^(^'°) ) . 

We have ri{a, X,Ag,t) = — Str{i{V(r + A) e^'"*'*)). We apply the double transgres- 
sion formula of Proposition 3.2, and we obtain 

(36) l^(a,A,A„i) = -|str((^A,)eF(^-*)) -I?(i.(s,t)) 

with vis, t)iX) = Jo i Str ((^Ag) e"^(^'*)W(w<, + A) e(i-»)F(*'*)(^)) du. 

Let Q{X) be a smooth and compactly supported function on t. We consider 
the element of A{N, End(f )) defined by 

Iq {u, 5, i) = ^ i(^ a,) e"^(«'*)(^) {v, + A) e(i-")^(«'*)(^) Q{X)dX, 

where u,s G [0, 1] and t >Q. Now 

F(s, t){X) = -it{fx, X) - t^vl + n^' {X) +Al+ t[As, v^] + itdX. 
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If wc write R = vl, S{X) = ^^'{X) and T{t) = + t[As,Va] + itdX, our 
integral lQ{u,s,t) is equal to 

Ji ds 

We apply Proposition 5.8 of the Appendix. Let /Ci x /C2 be a compact subset 
oi N xl. Let r be any integer. There exists a constant est > 0, such that: for 
any Q G C°°(6) which is supported in /C2, we have 



dim JV 



lQ{u,S,t) (n) < est \\Q\\lC2,2r ^\t||y^(^^||2)r ^ 



for all n e /Ci, t > 0, and {u, s) e [0, 1]^. 

If the compact subset JCi is included in N \ C\.a, we can choose c > such 
that either ha{n) > c or ||/a('t-)|P > c, for ri G /Ci. Then wc have 

Iq{u, s, t) II (n) < est \\QU,,2r (1 + 1)'''" ^ sup (^^_L_, e-'^*' ) , 

for ne ICi,t>0, and (m, s) G [0, 1]^. 

Since r can be chosen large enough, we have proved that lQ{u,s,t) G 
^(A^, End(5)), when restricted to the open subset N\C\,cn is rapidly decreasing 
in t (uniformly in (it, s) G [0, 1]^). Thanks to Proposition 5.8 of the Appendix, 
the same holds for any partial derivative Z)(9„)/q(u, s, t). Since 

jv{s,t){X)Q{X)dX = Str lQ{u,s,t)d'u}j, 

the integral = /J^ v{s, t)dt defines for any s G [0, 1] a generalized equivariant 
differential form on TV \ Ca,(t- 

So, on the open subset N \ Ca,o-, we can integrate (36) in t from to 00: we 

get 

(37) ^/3(a,A,A,)=7«-£)(e«). 
If we put together (35) and (37), we obtain 

^(Ch(A,),/3(a,A,A,)) = (i?(7,), 7, - I)(e,)) 

= -Drel(7s>es)- 

Wc have proved that the class [Ch(A), /3(a, A, A)] G n-°°{t,N,N \Cx,a) does 
not depend of s. 

We now prove the second point. We consider the invariant super-connection 
A{s,t) = it{v^^+X,)+A. Thus £A{s,t) = it£iv^,+\s) and J^A(s,t) = i{v^^ + 
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A,,). LctF{s,t) be the curvature of A(.s,t). Letr]{as,A,t) = - Str((^A(s, i)) e^^"'* 
By the double transgression formula, 

(38) ^77(a«, A«, A,i) = - | Str (^^(^K, + A.)) e^(^'*) ) - D{u{s,t)) 
where the equivariant form i'[s,t){X) is given by 

,y{s,t){X) = J\tr +A,))e"'='('^'*)W(it;<.3 +iA«)e(i-")^(«'*)w) du. 

We use again Proposition 5.8 of the Appendix, and we see that for any test 
function Q{X), the integral Jj i'{s,t){X)Q{X)dX is rapidly decreasing in t on 
A' \ F. Then the integral e,,(A) = v{s, t){X)dt defines for any s e [0, 1] a 
generalized equivariant differential form on N \F. 

So, on the open subset N\F, we can integrate (38) in t from to oo. This 
gives the relation ^/3(crs, A^, A) = —D{€s) and then 

^(Ch(A),/3(a„A„A))=I?rei (0,e,). 

The class of (Ch(A), /3((Ts, A,, A)) docs not depend of s. 

With a similar proof, we see that it does not depend on the choice of invariant 
Hermitianstructure on £. 



In particular, we obtain the following corollary. 

Corollary 3.12 • The classes Ch,ei{a, X) G n-°° {t, N, N\Cx,a) anrf Chrei(a) € 
n°°{t, N,N\ Supp(<T)) are equal in W-°°(«, N,N \ Supp(<T)). ' 

• Let a be a K -invariant morphism. Let Aq and Xi be two K -invariant one- 
forms such that Ao(n) = Ai(n) for any n G Supp(cr). Then Cao.o- = C'ai.o- = F 
and 

Ch,ei(a, Ao) = Ch,ei(a, Ai) in W-°°(«, N, N \ F). 

• Let X be a K-invariant one-form. Let cto : ^ and cti : ^ £^ be 
two K-invariant morphisms such that cro(n) = ai{n) for any n € C\. Then 
C\,ao = C'a.cti = F and 

Ch,ei(ao,A) = Chrei(ai,A) in n-°°{t, N, N \ F). 

Proof. Indeed, for the first point, we consider the family A^ = sA. It is 
obvious that Chrei(cT, 0) = Chrei(c7) in n~°°{t, N,N\ Supp(cT)). For the second 
point, we consider the family Ag = sXq + (1 — s)Ai. For the third point, we 
consider the family CTs = sao + (1 — s)ai, and we employ Proposition 3.11. 
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3.3 The trivial bundle and the "non abelian localization 

theorem" 



A particularly important case is the zero morphism [0] between the vector bun- 
dles = N X C and £~ = N x {0} : is equipped with the connection d, 
then the invariant real one-form A allows us to deform d in d + itX. 

Then c{t, A) = e**'''^ is the corresponding Chern character, with transgres- 
sion form r]{t, A) = — iAe**^"^. Outside Ca,[o] = Ca, we can define the generalized 
equivariant form /3(A) = —iX q^^dx rpj^^ following formula, a particular 
case of Formula (34), is the principle of the Witten localization formula [23]. 

Theorem 3.13 (Non abelian localization theorem) We have 



outside C\. 

Morally, we have /3(A) = so that D{I3{X)) = ^ i. 

Definition 3.14 The class defined by (1,/3(A)) inn-°°{t,N,N\Cx) is denoted 

Prel(A). 

Let us rewrite Theorem 3.11 in this particular case. 

Theorem 3.15 Let F be a closed K-invariant subset of N. For s e [0, 1], let 

As be a family of K-invariant one-forms such that C F. Then all classes 
Prei(As) coincide in n-°°{t, N,N\F). 

Let us give some very simple examples. 

• Let N := with coordinates {x, y). The circle group acts by rotations. 
We identify its Lie algebra Lie(5^) with M. The element X e Lie(S'^) produces 
the vector field VX = X{yd^ - xdy). Let A = xdy - ydx. Then Ca = {(0, 0)}. 
We have DX{X) = 2dx Ady + X{x^ + y^). Thus 



The generalized function X ^ —i c**"^ dt is equal to the boundary value, 
denoted by x+io ^ °^ function 1/z. We obtain 



in W-°°(Lie(S'i), ]R2, ]R2 ^ |(o, o)}). 

• Let N := T*S^ = xR. The circle group acts freely by rotations on 
5^ If (e*^ is a point of T*S^ with ^ e M, the Liouville 1-form is A := -^dO. 



1 = D{(3{X)) 



P{X){X) =-iXj^ 




Prel(A)= 1, 



1 xdy — ydx 
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The clement X G Lie(5"'^) produces the vector field VX = —Xde. The critical 
set C\ is embedded in T* as the zero section. We have D\{X) = dOd^ — 
X^. Thus 

/3(A) (X) =-i\ c**(-^?+rfe Ad«) 
= i^de c-'*^"" dt 

We obtain Prei(A) = [1,/3(A)] in H-^{Ue{S^),T*S\T*S^ \S^) with 
/?(A)W = xh^de if^>0, 

/3(A) W = YTio^^ 

3.4 Tensor product 

Let £1,62 be two equivariant Z2-graded vector bmidles on A''. The space £1^82 
is a Z2-graded vector bundle with even part £^ ® £2 ® '^r ® '^2~ ^'^'^ ^'^'^ P^''^ 
£^ ^ £2 ® £t ^ £2 ■ The super- algebra ^*(A^, End(f 1 ^ £2)) can be identified 
with A*{N,ETid{£i)) >l*(A'', End(f2)) where the tensor is taken in the sense 
of super-algebras. 

Let (Ti : £^ £^ and (T2 '■ £2 ^ £2 ^"0 two smooth equivariant morphisms. 
With the help of invariant Hermitian structures, we define the morphism 

(71 C72 : {£1 £2)^ {£1 £2)' 
by (Ti (72 := (Ti Id^+ + Id^-f C72 + Idg - 0-2 + a-Jf Id^- . 

Let Va-i,Va2 and be the odd Hermitian endomorphisms associated to 

CTi, 0-2 and ai a2 (see (24)). Since vI^q^^ = v^^ Idf^ + Idf^ v^^, it follows 
that Supp((Ti (T2) = Supp((Ti) n Supp((T2). 

We proved in [19] that the relative Chern character is multiplicative : the 

equality Chrci((Ti (T2) = Ch,.ci(cri) o Chrci((T2) holds in n°°{t, N,N\ Supp((Ti 
(72))- This property admits the following generalization. 

Theorem 3.16 (The relative Chern chgiracter is multiplicative) Let 

cr\,(j2 be two equivariant morphisms on N. Let A be an invariant one form 
on N. The relative equivariant cohomology classes 

• Ch,ei((Ti,A) ew-°°(e,7v,iv\CA,aJ, 

• Ch,ei(<72) e W°°(«, N, N \ Supp(a2)), 
satisfy the following equality 

Chrel(cri 0-2, A) = Chrel((Ti, A) O Chrel(cr2) 

in W~°°(fi, N,N\ Ca,cti0ct2)- Here o is the product of relative classes (see (9)). 
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In Subsection 3.3, wc considered the zero morphism [0] : N x C ^ N x {0}. 
Since for any morphism a we have [0] © c" = a, we get the following 

Corollary 3.17 For any invariant one form X, we have 

Chrel(c7, A) = Prel(A) O Chrel (cr) 

inn-°°{t, N,N\Cx,a)- 

The remaining part of this section is devoted to the proof of Theorem 3.16. 

For k = 1,2, we choose invariant super-connections A^, without exte- 
rior degree terms on the Z2-graded vector bundles £k- We consider the closed 
equivariant forms 

ci(i) := Ch(CTi, A,Ai,t), C2{t) := Ch(c72,A2,t) 

and the transgression forms 

r]i{t) := Tj{ai,X,Ai,t), r]2{t) := 77(0-2, A2, 

so that ^(cfc(t)H -D{r]k{t)). 

Let /?! — r]i{t)dt : it is an equivariant form on U\ := N \ Cx.m with 
generalized coefficients. Let (32 = ri2{t)dt : it is an equivariant form on 
U2 ■= \ Supp(cr2) with smooth coefficients. The representatives of Chrei(<Ji, A) 
and Chrei(cr2) are respectively (ci(0),/?i), (02(0), /32)- 

For the symbol ai Q a2, we consider A{t) = A + it{X + VaiQa2) where A = 
Ai (g) Idg^ + Id^i © A2. Then Ch(A) = ci(0)c2(0). Furthermore, it is easy to see 
that the transgression form for the family A{t) is 

77(t) =^7l(^)c2(^) + Cl(^)??2(^)• 
Let /3i2 = /q°° r}{t)dt : it is an equivariant form on 

U := N\ (Supp(c7i) n Supp(cT2) n Cx) 

= Ui[jU2 

with generahzed coefficients. A representative of Chrei(cri © 0-2, A) is 

(C1(0)C2(0),/312). 

We need the following lemma. 
Lemma 3.18 • The integral 

h ■= // r]i{s) A r]2{t)ds dt 
J Jo<s<t 

defines an equivariant form with smooth coefficients on U2. 
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The integral 



Ii 



771 (s) A ri2{t)dsdt 



0<t<s 



defines^ an equivariant form with generalized coefficients onUi. 

• We have the relations Dli = /3i2 — /3iC2(0) on Ui andDl2 = — /3i2+/32Ci(0) 
on 1/2- 

Proof. Let IC2 be a compact subset of C/2. Let /?,2 > such that h^r^ (n) > h2 
for n € /C2. Let /C be a compact subset of t. From Proposition 3.3, we know 
that there exists constants est and est' (depending of /C2, /C) such that: for 
{X, n) e /C X /C2 we have 



(39) 

and 
(40) 



r]2{t){X) (n) < cst(l+t) 



dim JV g-ft,2t 



for all t>0, 



r?i(s)(X) (n) < est' (1 + s) 



dim N 



for all s > 0. 



2dimJV 



-h2r 



Then, when < s < we have, on /C2: ||77i(s)Ar?2(t)|| <cst"(l+t) 
So the integral I2 is absolutely convergent on < s < t. Since similar majoration 
holds for the partial derivative of rjk (relatively to the variables n £ N and 
X e 6), the integral I2 defines a smooth map from t into A{U2)- 

Let us prove the second point. Let /C be a compact subset of 6. For any 

test function Q{X) on 6 supported in /C, let us estimate the form 7(5, t, Q) := 
Jf'ili{s){X)ri2{t){X)Q{X)dX on < t < s and on a compact subset fCi of Ui. 
We have 

7(s,t, Q) = ^e-"</^'^> T{s,t,X)Q{X)dX 

where T(s, t, X) = e'"^^ Str {-i^Va^ + A) eF('^i.Ai,s)(x)) a r?2(i)(^)- Let r be a 
positive integer. If we use the estimates of Proposition 5.6 (see also Remark 
5.7), we get 



7(5, <, Q) (n) < est T]2{t)Q (n) 



(1 



1 



-hi{n)s 



Kfir '{l + S^\\fx{nWY 



for all i, s > and n £ JCi. Here est is a constant depending of r, /Ci,/C, and 
hi{n) > is the smallest eigenvalue of vl^{n). 

The term \\ri2{t)Q\\ic,2r{n) is smaller than ||(^||/c,2r||^?2(^)lk,2r('^)• If we use 
the second point of Proposition 5.3 of the Appendix, we see that 



m{t) (n) < cst'(l + i) 



dim JV 



/C.2r 



for all n e /Ci, t>0. 



^The integral Ii is the limit when T ^ c» of the family (iJo<t<s<T ^V2{t)dsdt)T>0 
of equivariant forms with smooth coefficients. 
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Finally, for < t < s and n € /Ci, we have: 



(41) 



"f{s,t,Q) (n) < est'' 



2 dim AT 



-hi {n)s 



If the compact subset JCi is included in A'' \ Cx,ai . we can choose c > such 
that either hi{n) > c or H/aIj^)!!^ > c, for n e JCi. Then we have 



7(s,i,g) (n)<cst"||g||K;,2r(l + s) 



2 dim AT 



1 



sup I 



.(1 + S2c)' 



for n e /Ci and <t < s. 

Since r can be chosen large enough, we have proved that the integral of 
the differential forms j{s,t,Q) on < t < s is absolutely convergent. Since 
similar majoration holds for the partial derivative of 7(5, t, Q) (relatively to the 
variables n E N and X G 6). the integral Ii{X) defines a C^°°-map from 6 to 
A{Ui) by the relation J^Ii{X)Q{X)dX := JJ^^^^^^-f{s,t,Q)dsdt. 

For the last point we compute 



D{Ii) = D 



II 

J Jo 



r]i{s)ri2{t)ds dt 



0<t<s 



= [[ (Dr]i{s)r]2it)-m{s)Dm{t))dsdt. 

JJo<t<s ^ ' 



Now we use D{r]j{s)) = — ^Cj(s), so that we obtain 



0<t<s 



(-^ci(s))r/2(i)+??i(s)(^C2(0) ) dsdt 



= {J ci{t)r}2{t)dt + J r?i(s)c2(s)rfs) -C2(0)/Ji 

= /?12 - C2(0)/Ji. 

Similarly, we compute -D(l2) = — /3i2 + ci(0)/32. 

Let $1 + $2 = 1(7 be a partition of unity subordinate to the decomposition 
U = U1UU2 : the functions $fc are supposed A'-invariant. We consider 1$ := 
$ili — $2l2 which is an equivariant form with generalized coefficients on U. We 
now prove that 

(42) (ci(0),/3i) 0$ (c2(0),/32) - (ci(0)C2(0),/3i2) = £'rei(o,I$). 

Indeed the product (ci(0),/3i) 0$ (c2(0),/?2) is equal to 
(ci(0)c2(0),$i^iC2(0) + ci(0)$2/?2 - d^iPiP2^, SO that the first member of 

Equality (42) is (o, $i/3iC2(0) + ci(0)$2/?2 - c?$i/9i/?2 - Pi2^ ■ Thus we need to 
check that 



(43) 



-D{U) = $i/3iC2(0) + Ci(0)$2/32 - d^i(ii(i2 - 012. 
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Using the last point of Lemma 3.18, we have 

-D{U) = d^2h - d^ih + ^2Dl2 - $i-DIi 

= -d$i(l2 + II) + $2(-/3l2 + Ci(0)/32) - *l(/3l2 - C2(0)/3l) 
= -d$l/3l/32 - /3l2 + *2Cl(0)^2 + $lC2(0)/3i. 

which was the equation to prove. Here we have used that $i + $2 = ^u, hence 
rf$2 = -d^i. 

3.5 The Chern character deformed by a one form 

Let fT : ^+ — > £~ be an equivariant morphism on A'', and A be an invariant one 
form on TV. Following Section 2.5, we consider the image of the relative class 
Ch].ei(c, A) through the map 

n-^it, N, N \ Cx,a) ^ («. N). 
The following theorem summarizes the construction of the image. 

Theorem 3.19 • For any invariant neighborhood U ofCx,^, tdke x € C°°{N)^ 
which is equal to 1 in a neighborhood of C\^a and with support contained in U. 
Then 

(44) c{a, A, A, x) = X Ch(A) + dx A, A) 

is an equivariant closed, differential form with generalized coefficients, supported 
in U. Its cohomology class cu{a,X) G TCff°°{t,N) does not depend of the choice 
of A, X and the invariant Hermitian structures on Furthermore, the inverse 
family cu{(t,X) when U runs over the neighborhoods of C\^a defines a class 

Ch,up(a,A) eW5^°°je,7V). 

• The image 0/ Chsup((j, A) in 'H'^^f^^^it, N) is equal to Chsup(c). 

• Let F be a closed K -invariant subset of N. For s £ [0, 1], let as : ^ £~ 
be a family of smooth K -equivariant morphisms and Ag a family of K -invariant 
one-forms such that Ca,,o-8 C F. Then all classes Chsup(<7s, A^) coincide in 

Definition 3.20 When C\^cr is a compact subset of N, we define 

CK{a,X)€n-°°{i,N) 

as the image 0/ Chsup(o', A) G H^^^(t,A^) in Ti.~°°{t,N). A representative 
o/Chc((T, A) is given be the equivariant form c{a,X,A,x), with % compactly 
supported. 
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When (T is elliptic, wc have already a class C\\c{a) G Ti.^{t, N) with compact 
support. If we use the second point of Theorem 3.19, one sees that 

Che(a) = Che(a,A) in H-'^{t,N), 

for any invariant one-form A. So the class with compact support Chc(cr, A) will 
be of interest when a is not elliptic, but Ca,^ is compact. 

In Subsection 3.3, we considered the zero morphism [0] : x C ^ A'^ x {0} 
and its relative Chern character Prei(A) G H~°°{i, N,N \ Cx). The associated 
generalized equivariant class in Ti.^'^ (fi, N) will be denoted Par(A) : this class 
was defined in [14, 15]. We repeat Theorem 3.19 for this special case. 

Recall that /3(A) (X) := -iX e'*^(^)(^) is an equivariant form with 
generalized coefficients on N\C\. 

Theorem 3.21 [14] • Let x S C°°{N) be a K -invariant function which is equal 

to 1 in a neighborhood of C\ and with support contained in U. The equivariant 
differential form Par(A, x) = X + /3(A) is an equivariantly closed differential 
form with C~°° coefficients, supported in U. Its cohomology class Parc/(A) e 

T-l^°°{i, N) does not depend of the choice of x- Furthermore, the inverse family 
Par [/(A) when U runs over the neighborhoods of Cx defines a class 

(45) Par(A)eHcr(e,^)- 

• The image of this class in 'H~°°{l,N) coincides with 1. 

• Let F be a closed K -invariant subset of N . For s G [0, 1], let As be a family 
of K -invariant one-forms such that Ca, C F . Then all classes Par(As) coincide 
innp'^{t,N). 

We proved in Theorem 3.16 (see also Corollary 3.17) that Chroi(cri (T2, A) 
is equal to the product Chj-oi (ui , A) o Chrei(cr) in H~°°{i, N,N \ Cx^cnQa^)- If 
we use the commutativity of the diagram (20) for the closed invariant subsets 
Fi := Cx,ai , F2 := Supp(a-2) and FinF2 = Cx^„^q„^, we get 

Theorem 3.22 We have the following relation in '^c'^^^^^^ (^> ^) ■ 

(46) Ch,up (cTi CTz , A) = Chsup (cti , A) A Ch^up (aj ) . 
In particular, if a\ = [0] , we have 

Ch,,p(a,A) =Par(A)ACh,„p(a) in W^-(«,7V). 

3.6 Product of groups 

Let K\,K2 be two compact Lie groups, with Lie algebras 61, ?2, and N a 
K\ X K2 manifold. We wish to multiply two elements ai(X, F) and a2(X, y) 
of ^-°°(ei X 62, iV). The product will be well defined if ax{X,Y) depends 
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smoothly on Y, while a2{X,Y) depends smoothly on X. We introduce thus 
^~°°'°°(6i X t2,N) as the space of generalized equivariant forms a{X,Y) de- 
pending smoothly on Y: for any compactly supported function Q G C°°(8i), 
the integral aQ{Y) := a'.{X,Y)Q{X)dX converges and depends smoothly of 
Y £ 62- We denote by x t2,N) the corresponding cohomology space 

of equivariant cohomology classes a{X, Y) depending smoothly onY G ^2- Sim- 
ilarly we define the space 7Y^^'°°(fi x 62, X) of equivariant cohomology classes 
with compact support depending smoothly on F G {2. If is a closed Ki x K2 
invariant subset of N, then we define similarly 'H~°°'°°{ti x ^2, N,N\F) as well 
as Hp°°'°°{ii xt2,N). If Fi, F2 are two closed Ki x K2-invariant subsets of A'', 
the product 

(47) H-°°'°°{hxh,N,N\Fi) x H°°'-°°{ti x t2,N,N\F2) 

^ n-^{hxh,N,N\{Fir\F2)) 

is well defined by the same formula as in Definition 2.4. 
Similarly the wedge product 

(48) W^;~'°°(«i X t2, N) X W~'-°°(ei X t2, N) Hp^p^ih x h, N) 

is well defined and the map p^^ (Section 2.5) is compatible with the products. 

3.6.1 The case of 1-forms 

Consider a Ki x Jsr2-manifold A'' and a Ki x iir2-invariant one form on N denoted 
A. We write the map fx from N into il x as fx := ifx'fx)- ^^'^^ 

Cx = cln cl 

where C\ := {fl = 0}. 

Consider on N\C\, the equivariant form with generalized coefficients 

P{X){X, Y) = -iX / e**^^(^'^) dt {X, r) G ei X 62. 
Jo 

Lemma 3.23 The restricfAon of /3(A) to the open subset N \ C\ C N \ Cx 
defines a generalized function of{X,Y) G ti x £2 which depends smoothly ofY. 
In other words, 0{X)\n\cI ^^^°'^9^ ^« A-°°'°°{ti x l2,N\Cl). 

Proof. Let us check that, for jany compactly supported function Q G 
C°°(fii), the integral cq{Y) := I3{X){X ,Y)Q{X)dX converges in 
A{N \ C\) and depends smoothly of F G 62- 

Consider the form on N defined by lQ{t,Y) := J^^ e'tDXix,Y) Q(^x)dX. At 
a point n G N, lQ{t, Y){n) is equal to 

^-it{fUn),Y) ^itdXin) f e-**</A(").^) Q(x)dA: = e-**<-^'(")'^> e'*<^^(") Q(t (n)). 
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The term polynomial in t of degree bounded by dimA^. Since 

the Fourier transform Q is rapidly decreasing, we have, for any integer r, the 
estimate 



(49) 



lQ{t,y){n) 



< est 



+ 



dim JV 



for alH > and {ti,Y) in a compact subset of A'' x t2- 

Let /C be a compact subset oi N \ C\ : one can choose c > such that 
11/^11 > c on /C. For any integer q, we have then the estimate 



(50) 



< 



est 



(l + (ct)2)9' 



for all t > 0, n G K, and F in a compact subset of l2- Thus the integral 

lQ(t,Y)dt is absolutely convergent. Since the estimates (49) and (50) hold 
for any derivative D{dn,Y)iQ{t,Y) in the variable (n, F), the integral cq{Y) = 
—iX Igit, Y)dt defines a smooth map from ^2 into A{N \ Cj^). 

Definition 3.24 We define Pl^iiX) e H-~>~(«i x t2,N,N \ Cl) to be the 
relative class 

pi,,(A)= [l,/?(A)U\cj 

Assume now that we have two Ki x ii'2-invariant one forms A and /x on N. 

We write fx := (/i,/|) and U ■= (/^/')- Let Ci := {fl = 0}, and := 
{/2 = 0}. Then the form pi^i(A)(X, Y) e H-°°'°°{h x h, N,N\ Cl) depends 
smoothly on F e 62, while the form p2^i(Ai)(X, Y) G H~'-~(6i x h, N,N\ C^) 
depends smoothly of X G 61, and one can form the product of the relative 
classes: 

Prei(A) o PL(m) G (Bi X 62, A^, iV \ (C^ n C2)). 

We consider the invariant one form X + fj, and the associated map 
(fx + fx +f^):N^tlxt*2 which vanishes on 

C7a+, :={/i + /i=0}n{/A^ + /^ = 0}. 

Let Prei(A + m) e 'W^°°(ti X ^2, N,N\ Cx+fj,) be the relative class associated 
to A + /U. 

We take some invariant norms on t*, 621 and we consider the following func- 
tions on N : ||/i||, ||/i||, In order to compare PUX)^PreM) with 

Proi(A + /i), we introduce the following 

Definition 3.25 We define the closed invariant subset 

(51) C(A,M) := {11/^11 < 11/^11} nill/^'ll < II/aII}- 

Clearly the set C{X,fi) contains Cj^ fl as well as the set Cx+i^- Thus the 
following restriction operations are well defined: 
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• r : H-^{h X h, N, TV \ (C^ n C^)) ^ H-^{h x h, N, N \ C(A, /x)), 

• r':w-°°(«i xe2,iv,iv\(:?A+M)^w-°°(ei x«2,A^,A^\C(A,m)). 

The aim of this section is to prove the following theorem. 
Theorem 3.26 We have the following equality 

(52) r (pUX)oPUi^)) = r' (p,ei(A + m)) 

in n-°°{h X h, N,N\ C(A, n)). 

Proof. Consider the closed invariant sets Fi = {\\fl\\ < F2 '■= 

{ll/'ll < II/aI!}- Then Ci C i^i and Cf, C F^. The form pi^i(A) S x 
h,N,N\ CD restricts to Pf^ii(A) e x i2,N,N\ Fi) while p2^i(At) 

restricts to P^^^in) e x t2,N,N\F2). Using the diagram (11), we 

see that r (Pj,,(A) o PUf,)) = Pf^^A) o Pj^^/i). 

We thus need to compare the forms Prei('^)^Prci(/^) ^^"^ Prci(A+/i). Wc work 
with the invariant open subsets Ui := N \ Fi and U = UiLiU2 = N\ C(A, /z). 
The relative classes Pfgj(A), Pfg^i(/i) and r' (Prei(A + /x)) are represented by the 
couples (l,/3i(A)), (l, /32(/i)) and (1, /3(A + m)|c/) : 

• the form P{X){X, Y) := -iX QitD\(x,Y) ^jefines onN\Cl an equiv- 
ariant form with generalized coefficients depending smoothly on Y. We denote 
by 0i{X){X,Y) the restriction of this form on Ui. 

• the form (3{iJ,){X, Y) := -i/j, e^tDt,(x,Y) dt defines on AT \ an equiv- 
ariant form with generalized coefficients depending smoothly on X. We denote 
by (32{l^){X,Y) the restriction of this form on 172- 

• the form f3{X + i^){X,Y) := -i{X + /z) e**^(^+'*)(^''^) defines on 
N\Cx^fi an equivariant form with generalized coefficients. We denote by /3(A + 
lj,)\ir(X, Y) the restriction of this form on U. 

Let $1 + $2 = 1 be a partition of unity on U = U1UU2 : the function $i 
are supposed Ki x /r2-iiivariant. We want to prove that 

(l,/Ji(A))«$ (1,/32(m)) - (1,/?(A + m)|c/) 

is r>rei-exact. 

Let r]i{s) = -i\c^sD\(x,Y) and 7^2(3) = -ifj,e'^'^i^'<^'^\ We consider the 
family of smooth equivariant forms on N 

7(,,t)(X,y) := 7?i(s) A 772 (i) 

= __X^e»«dA+jWAig-i(/(,,t),(Js:,y)) 

where : TV ^ 6^ x 6^ is equal to (s/jj + 1/^, s/| + tf^). 

Lemma 3.27 • The integral li := JjQ^i<g'y{s,t)ds dt defines a K\xK2-equivariant 
form with generalized coefficients onU\. 
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• The integral I2 := ^jf^^^^^^f(s,t)dsdt defines a Ki x K2-equivariant form 
with generalized coefficients on U2- 

• We have D{h) = /3(A + iJ,)\u^ - /3i(A) on Ui and D{l2) = 
-P{X + n)\u,+02{lJ-) on U2. 

Proof. For any compactly supported function Q{X,Y) E C°^{ii x £2) we 
consider tlic integral jQ(s,t) := J^^^^^'y(^s^f-^{X,Y)Q{X,Y)dXdY . At a point 
n G N, jQ{s,t){n) is equal to 



^isdX{n)+itdiJ,{n) 



61X62 



-i(/(3.,)(n),(X,F)> Q(^X,Y)dXdY = 

-AAte"'^^(")+'*'''^(")g(/(,^t)(n)). 



Since Q is rapidly decreasing, and Q^'>d\(n)+ttdfi(n) polynomial in the variable 
{s,t), we have, for any integer r, the estimate 



jQ{s,t){n) 



< 



P{s,t) 



(1 + II /(«,*) (n) 



12 V 



for all s,t > and n in a compact subset of N. Here P{s,t) is a polynomial 
function and ||/(«,t)(n)ll' = Ik/^W + i/^WII' + \\sfl{n) +tf'^{n)f. 

Let us prove the first point. We work on a compact subset /C of C/i := 
iWf^W < \\.fl\\}- Let < r < 1 and e > such that on /C we have : ||/i|| < r||/^|| 
and 11/^11 > e. We use then that 

||/(.,t)(n)f >(l-r)V||/i(n)|p>c.2, 

for n € /C and < t < .s (we take c = (1 — r)^e^). Finally, for n € IC and 
< t < s, we get the estimate of the form 



< 



est 



(1 +CS2)9 



where q can be taken as large as we want. For any differential operator D{d) 
acting on A{N), we can prove by the same arguments that 



D{d) ■ 3Q{s,t){n) 



< 



est 



(1 + CS2)9 ' 



for n e /C and <t < s 

This proves that Ii defines a Ki x _R'2-cqnivariant form with generalized coeffi- 
cients on Ui through the relation: J^^^^^li{X,Y)Q{X,Y)dXdY = 

The proof of the second point is the same, exchanging A and fj,. 
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The last point follows from the computation done in the proof of Lemma 
3.18. We repeat the argument. We have on Ux 

£»(Ii) = // D{rji{s)r]2{t))dsdt 

J JO<t<s 

= II D{r,i{s))Tj2{t)dsdt- II rii{s)D{r,2{t))dsdt 

J Jo<t<s J Jo<t<s 

= -II ^{e''''^)r]2{t)dsdt+ II r^,(s)^(e''''^)dsdt 
J7o<t<s J Jo<t<s 

Now -jfJo<j<^^(e'«^^)?72(i)rfsrft = /o°°e'*^^r/2(i)di = -v/o°° 6'*^^+'*^" 
while 

// mis)^Ae'*''n)dsdt = r m{s)e''''^ds- r mis)ds 

J Jo<t<s Jo Jo 

poo 

= -iX / e''^^+''^'' ds - /3(A). 
Jo 

Thus we obtain on Ui the wanted equality -D(Ii) = /3(A + /x)|c/i — /3(A). The 
proof of the equality —DI2 = (3{X + lj)\u2 ~ PilA is entirely similar. 

Thanks to Lemma 3.27, we define the following equivariant form on U : 
1$ = $ili - ^2h- The relation 

(l,/3i(A)) 0$ {l,P2i^i)) - (l,PiX + ^i)\u) =^rel(0,I*). 

admits the same proof than the one of Equality (42). 

We denote Par^(A) the image of Pj^i(A) in n~T''°°{h xt2,N) and by Par^(/i) 
the image of Preid") in W^2~°°(Ji xt2,N). We denote by Par(A + /x) the image 
of Prei(A + /i) in (61 X t2,N). We use here the restriction maps 

The fact that the map J3_f is compatible with products and restrictions gives us 
the following corollary. 

Corollary 3.28 We have the following equality 

(53) r (Par^ (A) A Par^ (/i)) = r' (Par(A + /x)) 

inn^^^^^{hxt2,N). 
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Remark 3.29 In later applications, it will happen that the setC{\ n) is exactly 
equal to Ca+/lc In this case, we obtain the equality 

r (Pari(A) A Vax^{n)) = Par(A + n) 

inHcZA^iX^^^N). 



3.6.2 The case of morphisms 

We now consider the case of a ii'i x /r2-equivariant morphism tr : f + — > f ~ 

over N. Let A a Ki x K2 equivariant one form on N. We choose an invariant 
super-connections A, without exterior degree terms on the Z2-graded vector 
bundle £. 

The relative Chern class Chi.ci(cr, A) € n~°°{h x t2,N,N\ Ca,^) is repre- 
sented by a couple (Ch(A), (3{a, A, A)) where P{a, A, A) is a if 1 x if2-equivariant 
differential form on N\ C\^, with generalized coefficients. 

As in Section 3.6.1 wc write Cx as the intersection Cj^ fl where C\ = 
{fx ~ 0}- define the closed invariant subsets 

= Supp(a) n CI 

We will restrict equivariant forms on N\ C\^a to the open subsets N \ C\ ,. 

Lemma 3.30 The equivariant form /3(cr, A, A)(X, F), when restricted to 
N\C\,, depends smoothly on F e 62. 

Proof. For any compactly supported function Q e C°°(ti), consider the 
element of ^(iV, End(f )) defined by 

lQ{t,Y):= [ e^('^'^'^'*)(^'^) 
At a point n G N, Ig(i, Y){n) is equal to 

Q-itifl{n),Y) f ^-it(fi(n),X) ^-t'R(n)+S(n,X,Y)+T(t,n) Q^x)dX 

Jti 

withi?(n) = vl{n), S{n,X,Y) = ii^{n){X,Y), T{t,n) = it[A, v,]{n) +itdX{n) + 
A^(n). If we use Proposition 5.6 of the Appendix, we have, for any integer r, 
the estimate 

lh"-''>ll'")^°-' (i + .^ii/.(„)Pr 

for all t > and {n,Y) in a compact subset of x 62- The only change 
with respect to Proposition 3.8 is that we work with the map instead of 
fx = {fit fx)- Corollary 3.9, we see that the integral lQ{t,Y)dt 

defines a smooth map from €2 into .4(A'' \ Cx ,,End{£)). 
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When wc restrict the cquivariant form f3{a, A, A) {X, Y) to the open subset 
N\Cj^^, we get the relation 

^ p{a,X,A)\r,\clJX,Y)Q{X)dX = Str (^{v, + X) XQ{t,Y)dt 

It proves then that Y (3{a, A, A)|;v\cj^ (-^i Y) is smooth. 
We can make the following definition. 

Definition 3.31 We define ChJ^i((7, A) e x 62, -/V, A^V^j^ ^,) to he the 

relative class 

[Ch(A),/3(a,A,A)| 

Consider now on N : two ii'i x /r2-equivariant morphisms cr, r and two 
invariant one forms A, yu. We then consider the relative classes: 

. ChJ,i(c7, A) e X 62, A^, \ Cl,), 

• Chli{r,t,)Gn'^'-^{hxt2,N,N\Cl,), 

• Ch,el(c7 T, A + m) e W-°°(ei X 62, N, N \ Cx+^,aQr)- 

The element Chjg[((7, A) (resp. Ch^gi(T, /k)) is represented by an equivariant 
form with generalized coefficients which is smooth relatively to F € 62 (resp. 
X e ti). Hence we can form the product Chjgj (cr, A) oCh^gj(r, /i) which belongs 
to n-°°{h X t2, N,N\ (Supp(a r) n Cjt n C^)). 

We denote by Chi^p(CT,A) the image of Cl4i(a,A) in n~?"°"{h x t2,N). 
It is represented by equivariant forms with generalized coefficients which are 
smooth relatively to F € 62- 

Similarly, we denote by Ch'^^p{T,i^) the image of Ch.'^^^{T, /jI) in 
X 62, -/V). It is represented by equivariant forms with generalized 
coefficients which are smooth relatively to X 

As in Theorem 3.26, we look at the image of ChJgj((T, A) o Ch^g[(T, /u) and 
Ch,ei(a T, A + At) in n-°°iti x ^2, N, N \ (Suppia Q t) nC(A,/x))). We leave 
the natural restriction maps implicit. 

Theorem 3.32 • The following equality 

Chl^i{a, A) o Ch^^i(T, /z) = Chrei(CT r, A + /i) 
holds inn-°°{h x «2, iV, \ (Supp(cr r) n C(A, m))). 

• The following equality 

(54) Chi„p(a, A) A Ch2„p(T, /x) = Ch,,p(a r, A + m) 
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Proof. As in Corollary 3.17, it is easy to sec that ChJ^j((T, A) = Pjei(^) <> 
Chrei(i7) and Ch^gj(r, /i) = Prei('^) o Chrei(cr). Thus, using the associativity of 
the product, we have 

pi,i(A) o Ch,ei(a) o P2^i(/x) o Ch,ei(r) = F^X) o P^iifi) o Ch,ei(a) o Chrei(r) 

= Prel(A + /i)oCh,el(c7 0T) 
= Chrel((7 0T, A + /i). 

Let us recall the meaning of Equation (54). For any neighborhood V of 
Supp(fT © r) n C(A, yu), let cv{a r, A + fj.) be the component of 
Chsup(CT T, A + yu) in n^°°{h xt2,N). Then we have 

(55) cvi {(J, A) A cv2(t, fi) = cv(o- T, A + ^). 

in 'Hy°°{ii X 625-^)- Here Vi and V2 are respectively any neighborhood of 
Supp(cr) n Cl and Supp(t) fl such that Vi n V2 C V. The class {a, A) (resp. 
cv2(t, /i)) is the component of Chgup(cr, A) (resp. Chg^p(T, /i)) in Hy^'°°{ti x 
«2,A^) (resp. W~'-°°(«i xe2,A^)). 

Let a and r be two morphisms such that Supp(cr r) fl C(A, /z) is compact, 

hence Supp((7 r) n Ca+;^ is compact. In this case, the Chern equivariant class 
with compact support Chc(c7 r, A + /x) is equal to the product 

Cvi(o-, X) Acv^{t,ii) 

in 7i~°°(6i X i2,N). Here Vi and V2 arc respectively any neighborhood of 
Supp(c7) n C\ and Supp(t) fl such that Vi D V2 is compact. 
In particular, we obtain the following theorem. 

Theorem 3.33 Let a and r be two equivariant morphisms such that 

• Supp((t) n Cj^ is compact, 

• Supp(t) n is compact, 

• Supp(c7 r) n C(A, /u) zs compact. 
Then 

Chl{a, A) A Ch^(r, /x) = Chc((7 r, A + /x). 
3.7 Retarded construction 

Let cr : 5+ — > be a iiT-equivariant smooth morphism and let A be a JsT- 
invariant one-form. 

Let A be a if-invariant super-connection without exterior degree term and 
let F(iT, A, A, t) = itDX + F{a, A, t) be the equivariant curvature of the super- 
connection A"'''^{t) = A + it{va + A). For any T s K, we consider the Chern 
character 

(56) Ch(a, A, A, T) := Str (e^^^'^'*'^) ) . 
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On Ca,ct, wc have Ch(cr, A,A,T) = A, A, T)) where the generahzed 

equivariant odd form (3{a, A, A, T) is defined on \ Cx^a by the integral 

/oo 
r]{a, A, A, t)dt, 

where ri{a,X,A,t) := — iStr((t;o- + A) e^^'^''^'*'*^) . It is easy to check that the 
following equality 

(58) ( Ch(A), /3(a, A, A)) - ( Ch(a, A, A, T), (3{a, A, A, T)) = 

iPrei ^ ii{a,\,K,t)dt, 

holds in >l~°°(t, N,N\ C\^cr)- Hence we get the following 

Lemma 3.34 For any T e M, t/ie relative Chern character Chrei(a-, A) satisfies 

Ch,ei(a, A) = [ Ch(a, A, A, T), /3(a, A, A, T) 

mW-°°(e,7V,iV\(7A,a). 

Using Lemma 3.34, we get 

Lemma 3.35 For any T > 0, the class Chsup(o', A) can be defined with the 
forms c(<7, A, A,x,T):=x Ch(a, A, A, T) + dx 0{(t, A, A, T) . 

Proof. It is due to the following transgression 

(59) c(a, A, A, x) - c{a, A, A, x,T) = D (^x v{^, A, A, t)dt^ , 

which follows from (58). 

In some situations the Chern form Ch{a, A, A, 1) enjoys good properties 
relative to the integration. So it is natural to compare the differential form 
c{a, A, A, x) and Ch(0-, A, A, 1). 

Lemma 3.36 We have 

c{a, A, A, x) - Ch(a, X,A,1)=d(^xJ^ v{(^, \ A, s)ds^ + 

£>((x-l)/3(a,A,A,l)). 
Proof. This follows immediately from the transgressions (30) and (59). 
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3.8 Example of Hamiltonian manifolds 

There arc several natural situations where a /^-invariant one- form exists. 

Let (iV, fl, $) be a Hamiltonian if-manifold: here Q is a symplectic form on 
A''. The moment map $ : A'' — > t* is a JC-equivariant map satisfying the relation 

d{^,x) = i{vx)n, 

for every X G t so that the equivariant symplectic form il{X) := X) + Q is 
a closed equivariant form. 

With the help of an invariant scalar product on 6* , we have an identification 
6* ~ t : the moment map $ will be a map from N on i. We consider then the 
Kirwan vector field k(n) = V^($(n)) : note that k is the Hamiltonian vector 
field of the function : AT ^ R. Here we can define the invariant one-form 

(60) Ak := (k, -);v 

where (— ,— )jv is any JT-invariant Riemannian metric on A''. It is easy to see 
that, for n & N, 

fx^{n) = ^ Ak(n) = ^ k(n) = ^ rf(||*f )(«) = 0. 

Hence the set C\^, coincides with the set Cr(||$|p) of critical points of the 
function In this situation, the generalized equivariant form Par(Ak) have 

been studied in [14, 15]. 
We note that 

(61) {$ = 0} C Cr(||$||2). 

There are interesting situations where (61) is an equality. 

Suppose now that the symplectic form fl is exact: there exists a iiT-invariant 
one form lu on N such that CI = duj. We can choose as associated moment 
map X) = — {lu, VX) and the equivariant symplectic form is exact: Q{X) = 
Dlo{X). We have then two different one forms on A'', the one form Ak associated 
to the Kirwan vector field and the one form w. 

Lemma 3.37 Assum.e Q = du! and {^,X) = —{u,VX). We have then = 
andCx^ =C^=={^ = 0}. 

Proof. The first equality is by definition of the moment map: 

(62) mn),X) = -{uj{n),VnX), n G N. 

If one takes X = $(n) in (62) , it gives ||$(n)p = -(a;(n), k(n)) and then 

Cx, = Cr(||$||2) = {$ = 0} = {/„ = 0} = a. 

It is natural to compare the elements Par(A), Par(— w) € 'H'^'^i^Q-^{t, N). We 
consider the following family of one-forms: Ag = sAk — (1 — s)u), s e [0,1]. 
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Since = sf\^^ — (1 — s)/^^, wc have Ca^ C Cx^ for any s. We have also: 
(/A^(n), $(n)) = s||k|p + (1 - s)||$(n)|p for any n £ N, which shows that 
C C\^^. We have proved that Ca, = for any s G [0, 1]. With the help 
of Theorems 3.15 and 3.21, we can conclude with the following 

Proposition 3.38 Let N be a K -manifold, equipped with an exact symplectic 
two form Q = doj. The moment map ^ : N ^ t* is defined by (62). We have 
Cr(||4>||2) = $-1(0) and 

Prel(Ak) = PrelM in H-°°(e, iV, iV \ ^-^(O)), 

Par(Ak) = Par(-a;) in ^-^(^^(S, iV). 

3.8.1 The cotangent manifold 

Here N = T*M, where M is a Jr-manifold. Let p : T*M ^ M be the pro- 
jection. We denote by oj the Liouville form on T*M : —uJi^.j..i]{w) = {^,p*w). 
Then Q := du is the canonical symplectic structure on T*M. The correspond- 
ing moment map for the Hamiltonian action of K on (T*M, D.) is the map 
f^:T*M — >t* defined by the relation 

(63) fUx,0-X^{^,V,X). 

Here f^^{0) is the subset T^M C T*M formed by co-vectors orthogonal to 
the ii'-orbits. In this situation we define a classes 

(64) Prei(w) G n-°^{t, T*M, T*M \ T^M). 
and 

(65) Par(a;) e Wt^m(*. T*M). 

This form Par(a;) will be used extensively in a subsequent article to give a 
new cohomological formula for the index of transversally elliptic operators. 

3.8.2 Symplectic vector space 

Let A'' = y be a real vector space of dimension 2n, with a non-degenerate skew- 
symmetric bilinear form CI : we have CI = duj where lu = Cl{v, dv) on V. Let 
if be a compact Lie group acting on V by linear symplectic transformations. 
Then y is a iiT-Hamiltonian space with moment map ($;<-(«), X) = n{Xv,v). 

Assume for the rest of this section that the moment map V ^ t* 

is proper. Since is a homogeneous map, this assumption of properness is 
equivalent to one of the following conditions: 

• 1>K (o)=o. 

• There exists c > such that ||$_R-(i;)|| > c\\v\\ for all v &V. 
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In this case, wc obtain a class Pi.ci(i-t') € H V,V\ {0}) that we wish to 
compare with the relative Thom class. 

Wc have shown in [19] that V,V\ {0}) is a free module over ^^(6)^'' 

with basis the Thom classe Threi(t^)- More precisely to any class a = [a, /3] G 
n°°{t, V,V\ {0}) we consider the integral 

/ p,(a)(X)eC~(e)^ 
Jv 

where p^{a){X) = x^^i^) + dx(3{X) is a JC-equivariant class with compact 
support on V defined with the help of a function x S C°°{V)^ with compact 
support and equal to 1 in a neighborhood of 0. 
We have the 

Theorem 3.39 [19] For any class a e 1-1°° {t, V,V\ {0}), we have the relation 

(66) a={[ p,(a)) • Th,ei(F) 

Jv 

in H°°(e, v,y \{o}). 

The same result, with same proof, holds if one work with equivariant forms 
with generalized coefficients. For any a G Ti.~'^{t,V,V \ {0}) the integral 
/yPg(a) defines an invariant generalized function on t. Since Threi(V^) has 
smooth coefficients, the product (/y Pc(a)) • Thi.oi(V') makes sense for any a G 
H-°°(e, V,V\ {0}), and Equahty (66) holds in this case. 

Let dv := ^ be the symplectic volume form on V. 

Proposition 3.40 The following relation holds in H~°°{t, V,V\ {0}).- 

P,ei(a;) = e • Th,ei(y), 
where G e C~°°(6)^ is defined by the relation 

QiX) := (i)" / e'<*^(''''^> dv, Xet 
Jv 

Proof. Following Theorem 3.39, we have just to compute the integral &{X) := 
Pg(Prei(w))(-X'). Let / e C°°(R) be a compactly supported function which 
is equal to 1 in a neighborhood of 0. We work with the invariant function 
x{v) ■= f{\\y\\'^) on V, where || — j| is any i^T-invariant Euclidean norm on V. 
The equivariant form with generalized coefficient x + dx/\(3{u}) which represents 
the cohomology class p^(P^ci{^)) & H~°°(6, V) is the limit, as T goes to infinity, 
of the equivariant forms with compact support 

ry'T = ^ + dxA{-iu))A [ e**^('^)dt 

Jo 
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Hence Q{X) is the limit, as T goes to infinity, of the integrals 

Jv Jv 

Since D{u){X)\^ = Jl^, + X) is homogeneous of degree 2 in the variable 

V, we have T D{uj){X) = d^iD{Lo){X)) where St{v) = VTv. Then r/^(X) = 
J^/(M!)e'-D(c^)W tends to 

when T goes to infinity. 

3.9 Comparison with other constructions 
3.9.1 Integration in mean 

As stressed in the case of ordinary cohomology, one of the main purposes of 
constructing Chern character of an elliptic morphism u as a cohomology class 
with compact support is the fact that such classes arc intcgrablc. 

In the case of equivariant cohomology, we introduce appropriate cohomology 
spaces for defining the integral of an equivariant differential form. Of course, 
if a € 7i°°(6, iV), and the manifold N is compact and oriented, the integral of 
a is the if-invariant C°°-function of X e 6 defined by Jj^a{X). If N is non 
compact, we may have to define this integral in the generalized sense. 

Let a be an equivariant form with C°° coefficients on a vector bundle N ^ B 
over a compact basis. It may happen that although a{X) is not integrable on 
N, it is integrable in mean: by integrating a{X) against a smooth compactly 
supported density, we obtain a differential form a{Q) = a{X)Q{X)dX . If 
this form is rapidly decreasing over the fibers of N ^ B, then we can integrate 
a{Q) on N. In other words, if for any test function Q on t, the form a{Q) is 
rapidly decreasing over the fibers, we can define the integral a in the sense 
of generalized functions: 

/ ( / a){X)Q{X)dX = [ a{Q). 
Je J N Jn 

We define A^^^^_^^^_j.^p{t, N) as the space of equivariant differential forms 
with C°° coefficients such that, for any test fimction Q on t, the form a{Q) = 
/j a{X)Q{X)dX is rapidly dccrc^asing on N, as well as all its derivatives. 

Similarly, we define ^nil^n_doc-rap(^' ^) ^^'^ space of equivariant differential 
forms with C~°° coefficients such that, for any test function Q on t, the form 
a{Q) = /j a{X)Q{X)dX is rapidly decreasing on N, as well as all its derivatives. 

Clearly a„-dac-rap(e> N) is contained in ^^ran-dac-rap(e' 

The operator D is well defined on N) and we denote the coho- 

mology space by iV). The inclusion ^--(t,iV) 

-4;;e°°an-dec-rap(«.^) i^duccs a map H-~(«,iV) - TV). 
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If a and /? are two closed equivariant forms in •A^^^_^^^._^^^(t,N') which 
defines the same class in 'H'^^^_^^^_^^^{t,N), then their integrals on A'' define 
the same generalized function on t. 

If the basis B of the fibration w : N B is not compact, the definition 
°^ "^mean-dec-rapC^' i^i^ikes sense ovcr any relatively compact open subset of 
the basis B. If the bundle N ^ B is oriented, then the integral over the fiber 
defines a map tt. : n-Zn.aec-r.p% N) ^ W"- >(e,B). 

3.9.2 Partial Gaussian look 

Assume that is a X-equi variant real vector bundle over a X-manifold B: we 
denote hy tt : N ^ B the projection. Wc denote by (x,^) a point of N with 
X G B and ^ G :— 7t^^(x). Let £^ ^ B he two iiT-invariant Hermitian 
vector bundles. We consider a X-invariant morphism a : tt*£~^ Tr*£~. Let A 
be a iiT-invariant one-form on N. 

We choose a metric on the fibers of the fibration N B. We work under 
the following assumption on a and A. 

Assumption 3.41 • The morphism a : 7r*f + Tr*£~ and all its partial 
derivatives have at most a polynomial growth along the fibers of N ^ B. 

• The one-form A and all its partial derivatives have at most a polynomial 
growth along the fibers of N ^ B. 

• Moreover we assume that, on any compact subset tCi of B, there exists 
R>0 and c > such that 

(67) h,{x,0 + \\fx{x,m'>cUf 

when II ^11 > R and x e ICi. Here hc{x,^) > is the smallest eigenvalue of the 
positive hermitian endomorphism Va{x,^). 

Let f/(l) be the circle group with Lie algebra u(l) ~ iR. In the following 
example we denote for any integer k by C[fe] the vector space C with the action 

of U{1) given by: t ■ z — t'^z. 

Example 3.42 (Atiyah symbol 1) Let us consider the case of the Atiyah 
symbol. We consider B = {pt} and N = T*C[i] ~ C[i] x C[i]. We consider the 
U{1)- equivariant symbol 

a:Nx C[o] — > N x C[i] 

defined by a{^) = ^2 — i^i for ^ = (^1,^2)- We take for one form A on T*C[i] 
the Liouville one form : A = Re(^2C?^i)- Here we have f\{C) = Ini(^2^i) and 
/i^(^) = 1^2 - for C e C^. We compute 

K{^) + \\fx{iW = |CiP + l6p-2Im(6^)+Im(6a)' 

> \m? 
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^/ ll^lP = + l^2p > 2. Hence the Atiyah symbol satisfies Condition (67). 

If we consider the set Ca,^ :~ {her — 0} Ci {f\ = 0}, Condition (67) implies 
that, for any compact subset /Ci of B, the intersection 7r~^(/Ci) fl C\^a is a 
compact subset of N. Hence we have a natural map 

(*'^) Wme°°an-dec-rap(«,^)- 

Our purpose in this section is to give a representative of ChgupCc, A) in 
^moan-dcc-rap(^' ^ith "partial Gaussian look". We will use the results of 
Section 3.7. 

Let V = V"*" ® V~ be a connection on f ^ B, let A = 7r*V and consider 

the invariant snpcr-conncction A°'''^(t) = A + it{vcy + A). Let Gh{a, A, A, 1) and 
/3((j, A, A, 1) bo the cquivariant forms defined in (56) and (57). 

Lemma 3.43 The differential forms Ch(o", A.A.I) and /3(o', A,A, 1) belong re- 

Spectively to ^S?ean-dec-rap(«. ^) "'^^ ^n>e^a„-dac-rap ^ \ ^A,.) • 

Before going into the proof, let us look at the example 

ExEimple 3.44 (Atiyah's symbol 2) In the case of the Atiyah symbol, we 

have Cx,a ■= {|6 -iCiP = 0}n{Im(6a) = 0} = {(0,0)}. We work on ~ 
with the coordinates zi = £,2 — «Ci and 22 = ^2 + i^i- 

We take on the vector bundle N x (C[o] ® C[i]) the connection V = rf. The 
cquivariant curvature of the invariant super- connections A^ := d-\- itv^ is 

~ [ itdzi -t'\zi\' + ite ) 

for i6 e u(l). The Volterra expension formula gives 

^Ft{ie) ^^-t^\z^\^ f '^ + {9'{iO)- g{ie))t'^dzidz^ itg{ie)dz \ 

V itg{i0)dz e'^ -\-g'{i0)t^dzidM J 

where g{z) = ^-j^- In the coordinates z = {zi,Z2), we have 

DX{i9) = i {dzidz^ + dz2dz^ - 0{\zif - \z2f)) 

Hence 

Ch(a,A,V,l)(e) = e'^^W Str(e^^W) 

= a(0,^)e-l^^l%T(l-2|^-|.ir) 

where a{9,z) depends polynomialy of z. For any test function Q on u(l), we 
see that the differential form J^^^^Ch{a, XjV ,l){0)Q{0)d0 on decomposes 

in forms of the type r]{z)e~^''^^^ h{\z2\'^ — l-^iP) where rj depends polynomialy 
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of z, and h is a rapidly decreasing function on M ; hence Ch(cr, A, V, 1) € 

-^meaii-dec-rap('^(-'-)' )• 

Now we consider the equivariant forms 

= g{ie){zi(m -zldzi)t e-*'^''^\'*^^^'^^ 
where 'y{6^t,z) depends polynomialy of {t^z). Now the integral 

poo 

P{a,X,W,l){e) = / 77(a,A,V,f)(0)dt 



defines an U{1)- equivariant form on \ {(0,0)} with generalized coefficients : 
it decomposes in sum of generalized equivariant form of the type 



/oo 
t'' 



where a{0,z) is an equivariant form which depends polynomialy of z. 

For any test function Q on u(l), we see that the differential form 
/u(i) ^){(^)Q{^)d9 on \ {(0, 0)} decomposes in forms of the type 

7(z) / t"c-''^^-^^" h{t{\z2\''-W\'))dt 



where 7 depends polynomialy of z, and h is a rapidly decreasing function on M; 
hence A, V, 1) G ^-ra„.dec-rap("(l)' \ {(0. 0)}). 



Proof of Lemma 3.43. We consider the equivariant curvature ¥{t) := 
F(cr, A, A, of the invariant super-connection h.'^'^{t). We have 

F(t)(X) = -t\l - it{fx,X)+TT*Y{X)+it[iT*V,v^]+itd\, 

where F(X) G A{B,'&n(i{£)) is the equivariant curvature of V, and the terms 
[1:*^ ,Va] e ^^(A^, End(7r*£')),dA e A'^{N), have at most a polynomial growth 
along the fibers of N ^ B. 

Let Q be a test function on 6 with support in a compact subset /C" of 
t. We need to estimate the behavior on the fiber of the differential form 
J^e^^*^'^'^^ Q{X)dX over 7r~^(/Ci) where /Ci is a compact subset of B. More 
explicitly, at a point n = {x, ^) e A'', we have 

(^j^eF(*)(^) Q{X)dX^ (n) = j^e-^*<^^'^> ^-t-R(n)+s(n,x)+nt,n) Q^x)dX, 

with R{n) = Va{nf, S{n,X) = Tr*n^{X){n) and T{t,n) = itdX{n) +n*V^{n)+ 
it['jT*V,Va]{n). The assumptions of Section 5.3 of the Appendix are satisfied: 
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the map R{n) and T(t,n) arc slowly increasing along the fiber and the map 
S{n,X) does not depend of the variable ^ £ N^- 

The form e'*''^ is a finite sum of powers of tdX, so that, over 7r*(/Ci), it is 
bounded in norm by a fixed polynomial P{t, ||^||) (it is due to our assumption 
on A). 

If we use the estimate (84) of the appendix, we have, for every integer r, the 
estimate 



gF(t)(X) Q^X)dxj (X, < est ||g|k",2r (1 + O'^^'^X 

P(t L^lh (1 + 11^11)'' e-*'''-^^'^ 

^*'"^"^(i+p/A(^,opr 

for (x, ^) G 7r~^(/Ci) and t>0. Here does not depend of the choice of p. 

Consider the subset S = {(x,^): \\^\\ > R,x e ICi} of 7r~i(/Ci). Thus, on S, 
the estimate /^^(a;,^) + ||/a(x,^)|P > c||^|p holds. Since for any positive real 
a, b, we have (1 + a)~^ < (1 + a + b/r)^"^, we get the following estimate 



gF(t)(^) Qi^x)dX {x,0 < est ||g||K;",2. (1 + t)'*™^P(t, H^l): ^ "^"^'^ 



for (x,^) € S* and t > 0. Combining this estimate with the fact that r can be 
chosen large enough, we see that, for any integer q, we can find a constant cst(g) 
such that, on S, and for any t>l, 



(68) II ^e^WW Q{X)dX j{x,0 < 



cst{q) 



2\'3 ■ 



This implies that Ch(c7, A, A, 1) = Str (e^^^^) is rapidly decreasing in mean along 
the fibers. 

Consider now /3((T, A, A, 1) = —i Str (uo- e^^*)) dt which is defined, at least, 
for IICII > R + 1- The estimate (68) shows also that f3{a, \, A,l) is rapidly de- 
creasing in mean along the fibers. With the help of Proposition 5.9, we can prove 
in the same way that all partial derivatives of Ch(ij, A, A, 1) and f3{a, A, A, 1) are 
rapidly decreasing in mean along the fibers: hence Ch(fT, A, A, 1) and f3{a, A, A, 1) 
belong respectively to ^mean-dec-rap(«. ^) and to ^;;^„.dec-rap(*' ^ \ CA,a)- 

Combining Lemmas 3.36 and 3.43, we obtain the following proposition. 

Proposition 3.45 The equivariant form Ch(tT, A,A, 1) e -4mean-dec-rap(^' 
represents the image ofC\^^(a,\) m H^~„.<iec-rap(*^' -^)- 



When the fibers oiir : N B are oriented, we have an integration morphism 

'^-W-~„.dec-rap(e>^)-W-°°(«.S). 

Corollary 3.46 We have 7r,(Ch(cr, A, A, 1)) = 7r*(Chsup(cr, A)) inn-°^{t,B). 
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4 The transversally elliptic case 



Here N — T*M, where M is a manifold (not necessarily compact). We 
denote by uj the Liouville form on T*M. The moment map for the action of 
K on iT*M,dLj) is the map U ■ T*M t* defined by (63). We denote by 
T^M C N the set of zeroes of fu,. In other words, an element {x, ^) is in T^M, 
if ^ vanishes on all the tangent vectors at x to the orbit K ■ x. 

In Example 3.8.1, we have defined in this situation the generalized equivari- 
ant class 

Par(c.)eWT^,,(t,T*M). 

Let £^ M be Hermitian if -vector bundles. Let p : T*M ^ M be the 
projection. Let a : p*£^ p*£~ be a if-equivariant morphism. We suppose 
that cr is ii'-transversally elliptic: the subset 

Cu,,a = Supp(o-) n T*kM 

is compact. 

Choose an invariant super-connection A on p*£, without exterior de- 
gree term. We consider, as in Subsection 3.5, the family of invariant super- 
connections A°"''^(i) = K -\- it{ijj + Va),t e M, on £ with equivariant curvature 
¥{a,LO,K,t). Recall the equivariant forms : 

r,{a,uj,K,t) = -i Str ((«<,+ w) e^(^''^'^'*)) , 

/■oo 

P{a,uj,A) = / rj{a,oj,A,t)dt. 
Jo 

The Chern character Chsup(o', w) can be constructed as a class in 
H^~^(e,T*M) (see Section 3.5). Since C^j^a = Supp(<T) HT^M is compact, we 
have a natural map W^^Jt, T*M) ^ n-°°{t,T*M), and we define Cha{a,Lj) 
as the image of Chsup(CT,w) in n~°°{t,T*M) (see Definition 3.20). We gave in 
Theorem 3.22 another way to represent the class Chc{a,ui) as the product of 
Par(a;) e n^r^,it,T*M), with Ch,,p(a) e n^^^^^^^it,T* M). 

We summarize our results in the following proposition. 

Proposition 4.1 • Let x S C°°{T*M) be a K -invariant function, with com- 
pact support and equal to 1 in a neighborhood o/Supp(cr)nTjj-M. The following 
generalized equivariant form on T*M 

(69) c(<7, u,A,x)=X Ch(A) (X) + dx (3{(t, u, A) {X) 

is closed, with compact support, and its cohomology class Chc{a,u!) in 
H~°°{t,T* M) does not depend of the data (A, x)- Furthermore this class de- 
pends only of the restriction of a to T*j(M. 

• Let Xi)X2 S C°°{T*M) be K -invariant functions such that : xi is equal 

to 1 in a neighborhood of 'T*j^M , xi *s equal to \ in a neighborhood o/ Supp(cr) 
and the product X1X2 is compactly supported. Then the product 

(xi + dxiPHiX)) A (x2 Ch(A)(X) + dx2 /?(a, A)(X)) 
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is a closed equivariant form with generalized coefficients and with compact sup- 
port on T*M. Its cohomology class coincides with Chc((7, w) m H~°°(6, T*M). 

4.1 Free action 

Let G, K be two compact Lie groups. Let P be a compact manifold provided 
with an action oi G x K. We assume that the action of K is free. Then the 
manifold M :— P/ K is provided with an action of G and the quotient map 
g : P ^ M is G-equivariant. 

We consider the canonical bundle map V : P x t ^ TP defined by the K- 
action : \{x,X) = V^X. Let 9 be an invariant connection one form on P: it is 
a, K X G-equivariant bundle map 

9: TP — >Pxt 

such that o V is the identity on P x J. We may also think at 9 as an invariant 
one-form on P with values in 6. 

Let j : T*P ^ P x i* and 6* : P x i* — > T*P be the bundle maps which 
are respectively dual to the bundle maps V and 9. The kernel of j is equal to 
T^P. We obtain the direct sum decomposition 

T*p = p X r e t;^ P 

and the dual direct sum decomposition 

TP = P X e © Hor. 

Here P x 6 is isomorphic to the vertical tangent bundle and the bundle Hor 
is the bundle of horizontal tangent vectors. The projection T*P TJ^P is 
defined hy r] t] — 9* o j [r]) . 

Note that, for each a; <E P, we have a canonical isomorphism T^PI^ ~ 

T*M|g(a;) defined hy ij ^ ij o Tq\x. 

Definition 4.2 The smooth map Q : T* P ^ T* M is defined as follows. For 
T] G T*P|a;, we have Q{x,ri) = {q{x),r]') where r]' G T*M|g(j,) is the image 
of T] through the projection T*P\x — > T^P\x composed with the isomorphism 
t;,PU~T*M|,(,). 

Let LOp and ojm be the Liouvillc 1-forms on T*P and T*M respectively, 
and let f^^" : T*P t* x q* and /^^ : T*M ^ fl* be the corresponding 
equivariant maps. 

We consider the K x G invariant one form v on P xt* which is defined by 
(70) v{x,O--={0{x),C)- 

The corresponding map (/^ , /^') : P x I* — > t* x g* satisfies f^ = ^, and 

fv {x,£,) = fJ'ix). Here /x : P ^ hom(0, 6) is the moment of the connection 
1-form 9 : fiix){Y) = -{9{x),V^Y). 
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Lemma 4.3 • We have wp = Q*{wm) + 

• We have 

(71) C° = (/" ° j ' Cm °Q + f> j) ■ 

Proof. We write 9 = di (g) where (E^) is a base of t. Wc denote 
{—,Ep) the smooth function on T*P defined by {x,t]) i-^ {ri,Ep{x)). First we 
have = Y^iP*{Oi){—, Ep) where p : T*P — > P is the projection. Next we 

have, for {x,r)) e T*P and v e T{T*P)\(^^^^), the relations : 

{Q*{u)m){x,v),v) = (a;(Q(a;,r?)),TQ|(^,^)e) 

= ('?',T]3i|q(^,^) oTQ|(^_^)t;) 

= {ii-Y,f)i{x){v,E}.{x)),Tp2{v)) 

i 

= {ujp{x,r]),v) + {j*{iy){x,r]),v). 

Here Q{x,r]) = {q{x),r]') and we use the relation p' o Q = q o p, where p' : 
T*M — > M is the projection. The last point is a consequence of the first one. 

Following Section 3.3, we associate to the invariant l-forms wp and Um the 

relative equivariant classes : 

• Prei(^p) e n-'^{t X 0, T*P, T*P \ T*K^aP), 

• Prei(wM) G n-°°{Q, T*M, T*M \ T*aM). 

We are in the setting of Section 3.6. We consider the manifold N := T*P 
equipped with the actions of the group Ki := K and K2 ■= G, and the invariant 
one forms = Q*{ujm): A = 

We first consider the K x G invariant form on P x 6*, and the map 

U = if^, f^) from p X r to r X Q*. 

Lemma 4.4 We have 

C, = C^ = Px {0}. 

Proof. As {x,^) = ^, and f^{x,^) = — ^ o iJ,{x), the relation (x,^) = 
implies that = 0, so fi, = 0. 

We consider the class PlJi^) G x g, P x «* , P x (r \ {0})). 

The pull-backs Q* (Prci(wM)) and j* (PjciC'^)) belong respectively to 
7^-°°(0,T*P,T*P\TgP), X 0,T*P,T*P\T^P): the relative class 

Q* {Preiii^M)) {X,Y) does not depend of X G t and the relative class 
Q* (Prei(2^)) (-^> ^) is smooth relatively to F G f|. We can then take the product 

Q* (PrelM) iY)0f {PU'^)) iX,Y) 

which belongs to H-°°{t x g, T*P, T*P \ T^^ ^g^)- 
The main point of this section is the following 
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Theorem 4.5 The following equality 

Prel(wp) = Q* (Prel(WM)) Oj* (Pleli^)) 

holds inH-°°{t x fl, T*P, T*P \ T^^g^). 

Proof. This theorem follows from Theorem 3.26 and of the following 
description of the sets where we need to work. Indeed, let us see that we have 

and 

C{Q*UM,fiy) = C^,=T^^KP- 

As the component of /^j^,^ on t* is equal to 0, the first equality is clear. The 
second equality follows from Lemma 4.4. 

To compute C{Q*lom, j*!^), we take some invariant metrics on g* and t*. 
The set C(Q*coAf, jV) is the set {\\Q*fSj < H {ll.f /,f II < «} • 

Thus, on C{Q*ijjM T we have j* f}^ = 0. As shown by Lemma 4.4, this 
implies j*f^ = 0, so that all maps j*f^,j*f^, Q*f^^ are zero onC{Q*ujM,j*i^)- 
We obtain the last equality. 

We denote by Par^(i/) G Hp°°'°^ {ix q, P x t*) the image of the class Pjei(j^). 
Then Pax^{i'){X, Y) depends smoothly on Y. As P is compact, it defines a class 
still denoted by Par^z^) in n-°°'°°{t x g, P x t*) 

Let (Tp : p*£^ p*£~ be a ii' x G-transvcrsally elliptic morphism on T*P. 
Let 8 ^ Af be the vector bimdlcs equal to the quotient £^/K. We define the 
morphism ctm : P*£ P*£ on T* M by the relation 

Q*aM{x, rj) = (Jp{[x, r?]T;,p), {x, r]) € T*P. 

Here {x,ri) [x,ri]T*^M denotes the projection T*P T^P. 

It is immediate to see that um is G-transversally elliptic, and that Q*cfm 
defines the same class than crp in K^^ xG('^is:xG^)• 
P^oposition 4.6 We have the following equality 

Che(ap,a;p) =Q*(che(aM,WM)) A j* (Par^li/)) 

in H-°°{1 X g,T*P). 

Proof. We use here the results of Section 3.6. We work on N := T*P with the 
symbol a = Q*aM and the symbol r = [0]. The Chern character with compact 
support Chc{ap,u>p) = Chc{Q* {aM),Q* {^^m) + if' equal to the product 

cvAQ*{>yM),Q*{coM)) A cvMfi^)) 
in 'H~°°{ti X i.2, N). Here Vi is any neighborhood of 

Supp(Q*(aM)) n Cq.(^„) = (Supp(aM) n T^M) 
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and V2 is any neighborhood of 

Supp([0]) n = j-\P X {0}) = T*j,P 

with the condition that Vi PI V2 is compact. 

Here wc take Vi of the form Q^^iJAi) where Ui is a neighborhood of 
Supp((7m) n T^fM in T*M with ZTT compact. We take V2 of the form j"^(Z^2) 
where Z//2 = {(p, C) € -P ^* I IICII < e} is defined for e small enough. 

Then the class c\>-^{Q* {aM),Q* {^m)) and cv2([0], are respectively 
equal to Qi(cj^i((Tm, wm)) and to j*(ciY2 ([0], i')). The class cj^i (um, i^m) is equal 
to Ch.c{aM-,<jJM) in H~°°(0,T*M), and the class cu2{[^],>^) defines Par^(j/) in 

w-°°'°°(exfl,Pxr). 



4.2 Exterior product 

To define products of symbols, we will need to use "almost homogeneous sym- 
bols". 

Definition 4.7 A morphism a : p*£^ p*£~ over T*M is said to he almost 
homogeneous of order m if a{[x,tS]) = t"^a{[x,S]), for every t > 1 and for ^ 
large enough^. 

Lemma 4.8 A K -transversally elliptic morphism a is homotopic to a K- transver- 
sally elliptic morphism which is furthermore almost homogeneous of order 0. 

Proof. Let c > such that C„,^ = Supp(cr) n Tj^M c 

{(x, e T*Af I ll^ll < c}. We consider a smooth function : R ^ satisfy- 
ing: = 1 on [0, c], > 1 on [c, 2c], and 4>{y) = ^ for y > 2c. 

We define now, for s G [0,1], the morphism a''{x,^) := a{x,(j){s\\£^\\)£^). We 
see easily that C^i^a = C'w.ct" for all s G [0, 1]. Hence a = a° is homotopic to 
which is almost homogeneous of order 0. 

Let Ki, K2 be two compact Lie groups. We work with the following data: 

• Ml is a iV'i X iV'2-manifold not necessarily compact , 

• M2 is a compact /r2-inanifold , 

• £^1 is a ii'i X /r2-equivariant complex super- vector bundle on Mi, 

• £^2 is a ii'2-equivariant complex super- vector bundle on M2, 

• ai : p*£i Pi^i is a iCi X i4r2-equivariant morphism on T*Mi which is 
ii'i-transversally elliptic 

• (72 : P2S2 ~^ P2^2 is a ii'2-equivariant morphism on T*M2 which is K2- 
transversally elliptic. 

^It means that ||^|| > c for some Riemannian metric || • || and some constant c > 0. 
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Wc consider now the exterior product a := ai 0cxtO'2 which is an equivariant 
morphism on M := Mi x M2 with support equal to Supp(c7i) x Supp(c72). Since 
T^^^^^(Mi X M2) 7^ T^^Mi X T^^M2, the morphism a is not necessarily 
Ki X _ft^2-transvcrsally elliptic. However, wc will see that it is so when the 
morphism (T2 is taken almost homogeneous of order 0. 

For k=l,2, let pk : T*(Mi x M2) T*Mk be the projection. The Liouville 
one form u) on T*(Mi x M2) is equal to p*LJi +P2U)2, where Uk is the Liouville 
one form on T*Mfe. 

Lemma 4.9 Assume that the morphism 02 is taken almost homogeneous 0/ 
order 0. Then the morphism a := ai 0ext <^2 on M := Mi x M2 is Ki x K2- 
transversally elliptic. 

Proof. Let : T*M2 ^ and {f^^J^J : T*Mi 6* x 6^ be the 
moment maps associated to the actions of K2 on M2 and Ki x ii'2 on Mi. An 
element (ni, ^2) G T*Mi x T*Af2 belongs to T^^xXal-^i -^2) if and only if 
/i^ (m) = and (m) + /4 M = 0. 

Let /2 be the restriction of the map /^^ to the subset Supp((T2). Then 

Supp(ai 0ext ^2) n T;,^^^^(Mi X M2) C C^^,^^ X /2-i(/C) 

where C^^^^^ = Supp(ai) n T^,(Mi) and /C := -/i^^(C^„^J are compacts. 
The proof follows from the 

Lemma 4.10 The map f2 ■ Supp(cr2) — * {2 proper. 

Proof. Since a2 is if2-transversally elliptic, we have 
(72) Supp(a2) n T;,^M2 C {II6II < c}. 

Thus the function II/2II is strictly positive on the compact subset 
Supp((T2) n {||^2|1 = c}. We choose u > such that II/2II > u on 
Supp((72)n{||6|| =c}. 

As <T2 is almost homogeneous of order 0, we can choose c sufficiently large 
such that a2{[x,t$]) = cr2([a;,^]) for every t > 1 and for |j^|| > c, so that S2 = 
Supp((72)n{||^2|| > c} is stable by multipHcation by i > 1. It is sufficient to prove 
that the restriction of /2 to ^2 is proper. By homogeneity, f2{[x,£,]) > uc\\£^\\ on 
S2. It follows that the restriction of f2 to ^2 is proper. 

Consider first A''i = T*Mi with the Ki x K2 invariant form wi. We are in 

the situation of Section 3.6. We write the map f^^ : A/'i — > x 63 as {f^^,f^^). 
We see that the set C^^ is just T^^Mi. Let 

C^,,,, =Supp(ai)nn^Mi. 

By our assumption, this is a compact subset of T*Mi. The relative class 
Chi^i((7i,wi) belongs to x 6^, A^i \ C^^^^J. We consider its image 
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ChliauLUi) in n-°°^°°{ii x t2,T*Mi). A rcprcscntant of ChJ(o-i,wi) is given 
by c(c7i, cJi, Ai, xi) (see (69)), where xi is an invariant compactly supported 
function on T*Mi which is equal to 1 in a neighborhood of Supp(cri) fl T^^Mi. 

From now on, we assume that the morphism (72 is taken almost homoge- 
neous of order 0. 

We consider the Chern classes with compact support associated to the transver- 
sally elliptic morphisms cti, (T2 and a := ai 0ext o'2 '■ 

• Chi(ai,a;i) e H-^'°^{h x e2,T*Mi), 
.Che(a2,a;2)eW-~(«2,T*M2), 

• Ch,{cr,Lu) e n-"°{h X i2,T*M). 

We may then form the product of the generalized equivariant forms pi Ch]. (cti , wi ) 
and P2 Chc(cr2, W2). The main result of this Section is the 

Theorem 4.11 The following equality 

pI Chi (ai , uJi){X, Y) A p*2 Che((72 , ^2) (Y) = Chc(a, u) (X, Y) 

holds in Hj°°{h x «2,T*M). 

Proof. This theorem follows from the results proved in Section 3.6. We 
consider the manifold := T*(Mi x M2) equipped with the actions of the 
groups Ki, K2 and the invariant one forms A = Pi(wi) and n := P2{i^2) '■ 
X + fj, = Lo. The morphism a is equal to the product pKui) P2{'^2)- As the 
component of on 4 J is equal to 0, the closed subset C := C(A, fi) of A'^ is equal 
to 

C ■■= {ll/lll=0}n{ll./pll<li./'All} 

= T*j,^Mf]{{n„n2)€T*M,xT*M2 \ ||/^,(n2)|| < ||/<^,(ni)||} . 

Let us check that Supp(cr)nC is compact. Since Supp(cr) = Supp(cri) x Supp(o-2), 
we have 

Supp(a)nC = {(ni,n2)eCi^,,^ xSupp(a2) | H/^MH < ||/^,(ni)||} 

where C^^ = Supp(ai)nT^^Mi is compact. Let c > such that ||/^i(tii)|| < 
c for all m e C^^ . We have then 

Supp(a) nC C Ci^^,^ X (Supp(a2) n < c}) 

We know from Lemma 4.10 that the map f^^ is proper on Supp((T2): the set 
Supp(cr2) n {ll/i^^ll < c} is compact and then Supp((7) flC is also compact. 

Wc arc exactly in the situation of Theorem 3.33. The equivariant Chern 
character with compact support Chc((7, w) = Chc(pJ((7i) ©P2(^2),A + /x) is 
equal to the product 

CVi(Pl(0-l), A) A CV2(P2(0'2),/U) 
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in Ti.^ X t2,T*M). Here Vi and V2 are respectively any neighborhood of 
Snpp{pl{ai)) n Ci = pt(Supp(ai)_n Tk.Mi) and Supp(f>^(a2)) n = 
P2(Supp((j2)nTjf2M2) such that VinV2 is compact. Here we take Vk of the form 
p^^{hlk) where Uk is a neighborhood of Supp(CTfc) n Tj^-^M^ in T*Mk with Uk 
compact. Then the class Cvi {p* {(Ji ) , A) and cva (p* (ci ) , ^) are respectively equal 
to pI {cu I {(Ti,iL!i)) and to ^2(^1^2 ("'2, ^^2))- The proof is completed since each 
cu,{ai,uji) is equal to Ch;^(cri,wi) in n-°°'°°{h x t2,T*Mi), while 01^2(0-2, ^2) 
is equal to Chc(c72,W2) in n-'=^{t2,T* M2). 

4.3 The Berline-Vergne Chern chciracter 

In this section, we compare Chc(cr,a;) with the class defined by Berline-Vergne 
[8], with the help of transvcrsally good symbols. We suppose in this Section 
that the manifold M is compact. 

In Berline-Vergne [8], we associated to a "transversally good elliptic sym- 
bol" (7 a class ChBv(o') which was an equivariant differential form on T* M with 
smooth coefficients, rapidly decreasing in mean on T*M. If a is any transver- 
sally elliptic symbol, the Chern character Chc{a,u)) is compactly supported on 
T*M, so defines an clement of 'H^,,'^^^_d^^_r^^{i, T*M). Our aim is to prove that 
the classes ChBv(<T) and CK{a,cj) coincide in H-;^„_d,,_,,p(e, T*M). 

Wo recall the definition of ChBv(o'). A if-transversally elliptic symbol a : 
p*£+ p*£^ is "good" if it satisfies the following conditions: 

• a and all its derivatives are slowly increasing along the fibers, 

• the endomorphism v"^ is " good" with respect to the moment map /oj . That 
is, there exists r > 0, c > and o > such that^ for every [x,^) : 

(73) \\Ux,m < am and > r =^ K{x,S,) > cUf. 

Let A = p*V, whore V = V+ © is a sum of connections on the bundles 
£^ B. Consider the invariant super-connection Ai = A + iv^ + iuj with 
equivariant curvature 

F(a,A,f)(X) = -vl+i{f^,X)+in + i\K,v^]+K^+ii^{X). 

If cr is a if-transversally good symbol, Berline and Vergne have shown that 
the smooth equivariant form Ch(cr,a;, A, 1) = e'^'^ Str(e^('^''*''^)) is rapidly de- 
creasing in mean: for any test function Q on t, Jj, Ch((7, cj, A, l){X)Q{X)dX is 
a differential form on T*M which is rapidly decreasing along the fibers of the 
projection T*M — > M. It thus defines a class 

ChBv(c7)eW~,„.dec-rap(«,T*M). 

Theorem 4.12 If a is a transversally good symbol, then ChBv(o') = Chc(cr,ci;) 

^mean-dec-rap(^' '^*-^)- particular, the integrals on the fibers o/ChBvCc) 
and of Ch.c{(j,ijj) defines the same element inH~°°{t,M). 

^ha-{x,^) > is the smallest eigenvalue of the positive hermitian endomorphism a{x,^)^. 
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Proof. The condition (73) implies that 

ha{x,0 + \\fUx,Of>c'Uf when ||^|| > r 

where c' = min(a^, c). So we can exploit the result of Proposition 3.45 : we have 
Ch(a,c^,A,l) = CKnp{a,uj) in W;;~„.dec-rap(*' T*M). The proof is finished, 

since Ch,,p(a,u;) = CK{a,iv) in n-Z^_^(t,T*M). 



5 Appendix 

We give proofs of the estimates used in this article. They are all based on 
Voltcrra's expansion formula: if R and S are elements in a finite dimensional 
associative algebra, then 

(74) e(^+^)=e^ + ^/ e''^ S e'^^ S ■ ■ ■ S e'"^ S 6'"+'^ dsi ■ ■ ■ dsk 

where is the simplex {sj > 0; si + S2 H — ■ + Sk + Sk+i = 1}- We recall that 
the volume of Afc for the measure dsi - --dsk is ^. 

Now, let A — ©iLo-^i ^ finite dimensional graded commutative algebra 
with a norm || • || such that ||a6|| < ||a||||6||. We assume Ao = C and we denote by 
A+ = (Bf^iAi- Thus 0;'+^ = for any ui G A+. Let F be a finite dimensional 
Hcrmitian vector space. Then End(F) (g) ^ is an algebra with a norm still 
denoted by || • ||. If 5 € End(F), we denote also by S the element 5 (8) 1 in 
End(y) O A. 

Remark 5.1 In the rest of this section we will denote cst(a, 6, • • • ) some positive 
constant which depends on the parameter a,b,- - ■ . 



5.1 First estimates 



We denote Herm(y) C End(y) the subspace formed by the Hermitian endo- 
morphisms. When R G Herm(y), we denote m{R) G M. the smallest eigenvalue 
of R : we have 

-m(fl) 

Lemma 5.2 Let r{f) = YX=o T\- Then, for any S G End{V) A, T G 
End(y) (g) A+, and R e Hcrm(V^), we have 



-mWgl|S||p(||2.||)_ 



Proof. Let c = m{R). Then || e "■'^ 1| = e "'^ for all u > 0. Using Voltcrra's 
expansion for the couple sR,sS, we obtain || e''(~^+'^) || < e^'^^e""'^" . Indeed, 

^s{-R+S) = ^-sR + Ik with 

4=5*^ / e-''''^S---Se-"''^Se-'''+'''^dsi---dsk. 
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The term Ik is bounded in norm by |j||S'||'^e Summing in k, we obtain 
II Q-8(R+s) II £ g-sc gs||S|| £qj- g > 0. We reapply Volterra's expansion to compute 
q{-r+s)+t ^Yie sum 

Here the sum in k is finite and stops at A: = g. The norm of the fc*'' term is 
bounded by ^e~'^ell'^ll ll^ll'^- Summing up in k, we obtain our estimate. 



For proving Proposition 3.8, we need to consider the following situation. 
Let S be a (finite dimensional) vector space. We consider the following smooth 
maps 

• xi-^ S{x) from E to End(y) (g) A. 

• {t,x) ^ t^R{x) from R x to Herm(y). 

• (t, x) ^ T{t, x) = To{x) + tTi{x) from R x £; to End(y) O A+. 

Proposition 5.3 Let D{d) he a constant coefficient differential operator in x G 

E of degree r. Let K, he a compact suhset of E. There exists a constant est > 
(depending onlC,R{x), S{x),Tq(x),Ti{x) and D{d)) such thaf^ 



(75) 



D{d) ■ e-t'R(.^)+s{x)+Tit,x) < est (1 + tf^'+i e-*''"(^(^)) , 



for all {x, t) € K. X 



p>0 



Corollary 5.4 LetU he an open suhset of E such that R{x) is positive definite 
for any x &U, that is m(i?(x)) > for all x gU. Then the integral 



f 

Jo 



-t'^R(x)+S{x)+T{t,x) 



defines a smooth map from U into End(F) ® A. 

Proof. We fix a basis vi, . . . ,VpOi E. Let us denote di the partial derivative 
along the vector Vi. For any sequence I := [ii, . . . ,in\ of integers ife € {1, . . . ,p}, 
we denote di the differential operator of order n = \I\ defined by the product 

riLi^i.- 

For any smooth function g : E ^ End(F) ® A we define the functions 



(x) := sup 119/ • g{x) 

» \I\<n 



*g is highest degree of the graded algebra A. 
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and the semi-norms |1(7|1a:,„ := sup^.^^ ||g||„(x) attached to a compact subset /C 
of E. We will use the trivial fact that 11(71171(2;) < when n < m. Since 

any constant differential operator D{d) is a finite sum ajdj, it is enough to 
proves (75) for the dj. 

First, we analyze dj ■ ^e"*^^^^)^. The Volterra expansion formula gives 

(76) di ■ (e-*'^(^)) = -t^ J e-'^^'^i-) ■ R{x) e-«^*'«(-) ds^, 

and then \\di ■ e-*'-R(^) || < p||i(a;) {\+tf e-*""^^^^^^^ for {x,t) GEx M^o. 
With (76), one can easily prove by induction on the degree of di that: if 

|/| = n then 

(77) hi ■ e-*'^(^) II < cst(n) (l + ||i?||„(a;))" (1 + i)^" e-*''"(^(^» 

for (x-, t)€Ex ]R^°. Note that (77) is still true when 7 = with cst(O) = 1. 
Now we look at dj ■ (e~* Rix)+S{x)^ £qj. |j| _ rpj^^g Volterra expansion 

formula gives e-*'«(^)+^(^) = e-*'-^(^) + ^k{x) with 

Zk{x) = [ e-^i(*'^(^» S{x) e-^=(*'«(-)) S{x) ■ ■ ■ S{x) g-^-^+i dsi--- dsk- 

The term di ■ Zk{x) is equal to the sum, indexed by the partitions^ V := 
{7i, /2, . . . , hk+i] of /, of the terms 

(78) Zk{V){x) := 

^ (a,, -e-^^ {di,-S{x))---{di,,-S{x)) (5,,,^,-e-^'=+^(*'«(-»)dsi---dsfc 
which are, thanks to (77), smaller in norm than 

(79) cst(P) (l + ||J?||„.(x))"^ {\\S\\n^^^)) g-tV(H(.)) _ 

The integer n^, are respectively equal to the sums + I/3I -| h |/2;c+i|, 

I -^2 1 + 1 -^4 1 H 1- 1 -^2/1: 1 , and then n^ + n^p = n. The constant est (V) is equal to the 

products cst(|/i|)cst(|/3|) • • • cst(|/2fc+i |). Since the sum J2p cst{V) is bounded 
by a constant cst'(n), we find that 

(80) b/-e-*'^(^)+^(^) II < cst'(n) (l + ||i?||„(a;))"ell^ll"(^)(l+t)2" e-*''"(«(^)) 

for {x,t) e E X M^". Note that (80) is still true when 7 = with cst'(O) = 1. 
®We allow some of the Ij to be empty. 
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Finally we look at di ■ {e-t^R(^)+s{x)+nt..x)\^ ^j. |j| ^ ^_ rpj^g Volterra ex- 
pansion formula gives e-t''R(x)+s{x)+T(t,x) ^ g-t^ii(x)+s(x) ^^9^^ Wk{x) with 

Wk{x) = I e^i(-t'-R(^)+s(x)) ^) . . . ^) g«.+i(-t=fl(x)+s(x)) . . . ^^^^ 

Note that the term Wk{x) vanishes for k > q. If we use (80), we get for 
{x,t) gExR^° : 

\\di ■ Wk{x)\\ < cst"(n)(||To|U(a;) + ||Ti||„(x))^x 
{l + \\R\Ux)) + 



Finally we get for (a;, t) e E x M.^° : 



(81) 



dj . Q-t^R(x)+S(x)+T{t,x 

p(||ro|U(x) + ||ri|U(x)) 



A;! 

<cst"(n)(l + ||i?||„(.T)) X 
\lS\Ux) (1 + ^) 



2n+q g-tV(K(x)) 



where P is the polynomial P{z) = Ylk=o J\- 
So (75) is proved with 

est = cst"(n) sup { (1 + p||„(x))"p(||ro||„(x) + ||ri||„(a;)) cll-5ll"(-) } . 

5.2 Second estimates 

Consider now the case where E = W x t : the variable x G E will be replaced 
by (y, X) E W X t. We suppose that the maps R and T are constant 
relatively to the parameter X G i. 

Let K, = K' X K," be a compact subset of x t. Let D{d) be a constant 
coefficient difi'ercntial operator in (y, X) G W x t oi degree r : let rw be its 
degree relatively to the variable y G W. 

Proposition 5.5 There exists a constant est > 0, depending on IC, R{y), S{y, X), 

To{y),Ti{y) and D(d), such that^ 



(82) D{d) ■ e 



-t^R{y)+S{y,X)+T{t,y) 



< est (1 + t) 



"irw+q „-t^m{R{y)) 



for all {y, X, t) e JC' x K" x 



p>0 



Proof. We follow the proof of Proposition 5.3. We have just to explain 
why we can replace in (75) the factor (1 + f)^'' by (1 + t)^'"^. 



g is the highest degree of the graded algebra A. 
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Wc choose some basis vi, . . . ,Vp-^ of and Xi, . . . , Xp^ of t. Let us denote 
dj , dj the partial derivatives along the vector Vi and Xj . For any sequence 

I := {n,...,z„JU{ji,...,j„J 
V , ■' ^ , ' 

1(1) 1(2) 

of integers where ik € {1, . . . and jk G {1, . . . ,^2}, we denote di the differ- 
ential operator of order |/| =711+712 defined by the product 11^=1 ^Ik YViLi ^jk- 

We first notice that di ■ Q-^^^iv) = if /(2) ^ 0. Now we look at di ■ 
(^Q-eR{v)+s{y,x)^ for I = 7(1) U 7(2). The term Zk{V) of (78) vanishes when 
there exists a subsequence I21+1 with 72;+i(2) 7^ 0. In the other cases, the integer 

= \Ii\ + \h\ + - ■ ■ + l-^2fe+i| appearing in (79) is smaller than |7(1)| = r?,i. So 
the inequalities (80) and (81) hold with the factor (l+t)^" replaced by (l + f)2"i. 

In order to prove Proposition 3.8, we need to consider for every compactly 
supported function Q e C°°(6) the integral 

jQ{^,y,t) := _^e*^«'^> ^-t-R(y)+S(y,X)+T(t,y) Q^x)dX. 

Proposition 5.6 Let K,' x K," he a compact subset ofWy.1, and let p be any 

positive integer. 

• There exists a constant est > 0, such that: for any function Q € C°°(6) 
with support on K," , we have 

g-tV(fl(j/))_ 



for all {^,y,t) e t* x IC' x M^o. 



• Let D{dy) be a constant differential operator on W of order r. There exists 
a constant est > 0, such that: for any function Q € C°°{t) with support on K," , 
we have 



(I -L +19+2'- 

(83) D{dy)-jQi^,y,t) <cst||Q||x:",2p^5^^^e 



-t^m(R(y)) 



for all {^,y,t) el* xK' x K^o. 

Proof. Let us concentrate on the first point. We have 

(1 + m\yjQ{^,y,t) = 1^ {D2p{dx) ■ e^<«'^>) e-*^«(^)+«(^>^)+^(*'^) Q{X)dX 

= jS^'"") D2p{dx) ■ (e-*'«(f)+^('''^)+^(*'^) Q(X)) dX 

where D2p{dx) = (1 — X]a(^-fa)^)^ is a constant coefficients differential operator 
in X with order equal to 2p. Now D2p{dx) ■ (e-*'^(2')+^(2''-^)+^(*'2') 0(X)) is a 
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finite sum of terms 9^. (e-*'^(^)+^(f'^)+^(*'2')j {d^-Q{X)) with \a\ and \p\ less 
or equal than 2p. All the derivatives 9^ • Q{X) are bounded by |1(5||k;2,p- We 
now employ the estimate of Proposition 5.5 for d'^ ■ ^e~*^^'^^)+'^(*'''^)+-^(*'^)^ , 

where ||a|| < 2p, and {y,X) G /C' x /C", and we obtain our estimate. 

The second point works similarly. We need to estimate dxD{dy)- 
(^Q-t'R(y)+s(v,x)+T{t,v)^^ -yy-g a,igo ^ijg estimate of Proposition 5.5. 

Remark 5.7 The estimate of Proposition 5.6 still holds when Q is a smooth 
m,ap (with compact support) from 6 with values in End(y) (g) A. 

In fact, we need still a slightly more general situation. The proof is identical 
to the preceding proof. 

Let us denote F{y,X,t) := -t^ R{y) + S{y, X) + T{t,y). Let Ui{y),U2{y) be 
two smooth maps with values in End(F) (8) A. For any smooth function Q on I 
with compact support, we consider the integral 

lQiu,t,y,0 := f/i (t/) e"^(«'^'*) C/2(y) e^i-")^^^'^'*) 

Proposition 5.8 Letp be any positive integer. LetlC'xlC" be a compact subset 
ofWxt. Let D{dy) be a constant differential operator on W of order r. There 
exists est > such that: for any function Q G C°°{t) with support in the compact 
K" we have 

D{dy)-lQ{u,t,y,^) 
for all e x /C' x r, and u & [0, 1]. 

5.3 Third estimates 

In order to prove Theorem 4.12, we need to consider the following setting: 

• The vector space W decomposes as = x W2, 

• The maps R and T do not depend of the variable X G t, 

• The map S does not depend of the variable 2/2 € W2, 

• The maps R, Tq and Ti are slowly increasing relatively to the variable 
2/2 € W2. Let us recall the definition. For any integer n, and any compact subset 
/Ci of Wi, there exist some positive constants cst,n such that each function 
||-R||n(yi,2/2), ||ro||„(t/i,2/2) and ||Ti||„(yi, 2/2) is bounded by cst(l + \\y2\\y on 
/Ci X W2. 

Here we consider for every compactly supported function Q G C°°(fi) the 
integral 

jQi^,yi,y2,t) := jS^'""^ e-t'R{vuy2)+S{yuX)+TiM,) Q^X)dX. 



< est ||Q|k.,2p ^ ' 
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Proposition 5.9 Let JCi x JC" he a compact subset ofWi x t. Let D{dy) he a 
constant differential operator on W of order rw ■ 

There exists a constant > 0, such that for any positive integer p, there 
exists est > for which the following estimate holds for any function Q G C°° (fi) 
with support on IC" : 



(84) 



D{dy) ■ JQ{S,,yi,y2,t) 
(1 + 1 



est ||Q||/C",2p ■ 



< 

y2\\r 



for (?,yi,y2,<) G fi* x /C' x VK2 x R^°. 



l + t) 



q+2rw p-tV(iJ(2/i,j/2)) 



Remark 5.10 In the estimate (84), the crucial point is that the constant n is 
the same for all integer p. 

Proof. In the following the parameter (t/i,X) belongs to the compact 
/C := /C'j X K," and the parameter {y2:f) belongs to W2 x M-°. 

As in the proof of Proposition 5.6, we get the estimates (84) if we show that 
for any differential operator D{dx) we have the estimate: 



(85) 



D{dy) o D{dx) ■ e-*'^(^i'2'^)+^(^i'^)+^(*'^i'^^) 



< 



cst(l + ||y2!|)^(l + i) 



q+2rw „-tV(R(j/i,i/2)) 



where the parameter ji in (85) does not depend of the choice of D{dx)- 

First, we consider the term D{dy) o D{dx) ■ e-*'^(''i'f=) : it vanishes if the 
order of D{dx) is not zero. In the other case we exploit (77) with the slowly 

increasing behavior of R to get 



D{dy) 



-r'R{vi,V2) 



< est (1 + II2/2II)" (1 + i)^''"' e-*''"^^^^^'^^". 



where a depends of the order D{dy). 

Now we consider the term D(5y)o£)(ajc) •e-'^-^^^'i'^'^^+'^^^i'^). The estimate 
(79) gives, modulo the changes explained in the proof of Proposition 5.5, the 
following 



(86) 



D{dy) o D{dx) ■ e-t^R^v.m)+siy^'^) 



< 



est (1 + llyall)'' (1 + tf""^ Q-t^MR(yuV2)) 



where est take into account the term'' e'l'^ll'^'". Here the term (1 + ||?/2||)* comes 
from the term (1 + ||i?||„+ (.t))"p of (79). The factor rip is bounded by the order 
of D{dy), hence it explains why 5 does not depend of the order of D{dx)- 

Using Volterra expansion formula, it is now an easy matter to derive (85) 
from (86). 

The preceding estimates hold if we work in the algebra End(f ) (g) A, where 
£ is a super-vector space and A a super-commutative algebra. 

"^n is the order of D{dy) o D{dx) 
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